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Aberdeen, April 1. 1778. 
- ADVERTISEMENT. 


The following Syllabus was drawn up for 
the Uſe of Students who were to attend 
the Lectures of the Author, and is not 


» intended to ſuperſede the peruſal of a 


more complete Syſtem of Algebra · 
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INTRODUCTION, 


_—_ 


UANTITY which can be meaſured, 


and is the object of Mathematics, is 
of two kinds, Number and Extenſion. The 


former is treated of in Arithmetic, the lat» 


ter in Geometry. 

Numbers are ranged in a Scale, by the 
continued repetition of ſome one number, 
which is called the Root; and, in conſe- 
quence of this order, they are conveni- 


ently expreſſed in words, and denoted by 


characters, The operations of arithmetic 


are eaſily derived from the eſtabliſhed me- 


thod of notation, and the moſt ſimple rea- 


ſonings concerning the relations of magni- 


tude. 
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Inveſtigations by the common arithmetie 
are greatly limited, from the want of cha- 
raQers to expreſs the quantities that are un- 
known, and their different relations to one | 
another, and to ſuch as are known. Hence 


letters, and other convenient ſymbols, have 


been introduced to ſupply this defect; and 


thus gradually has ariſen the ſcience of 
Algebra, properly called UNIVERSAL A- 
RITHMETIC. „„ 

In che common arithmetic, too, the given 
numbers diſappear in the courſe of the ope- 
ration, ſo that general rules can ſeldom be 


derived from it; but, in algebra, the known 


quantities, as well as the unknown, may be 


| expreſſed by letters, which, through the 


whole operation, retain their original form; 


and hence may be deduced, not only gene- 


ral canons for like caſes, but the dependence 


of 


( 3.) 


of the ſeveral quantities concerned, and like. 


wiſe the determination of a problem, with- 


out exhibiting which, it is not completely 
reſolved. This general manner of expreſ- 


ſing quantities alſo, and the general rea- 


ſonings concerning their connections, 


which may be founded on it, have render- 
ed this ſcience not leſs uſeful in the de- | 


monſtration of theorems, than in the reſo- 


lution of problems. 


If geometrical quantities be ſuppoſed to 


be divided into equal parts, their relations, 


in reſpe&t of magnitude, or their propor- 


tions, may be expreſſed by numbers ; one 


of theſe equal parts being denoted by the 


unit. Arithmetic, however, is uſed in ex- 


preſſing only the concluſions of geometri- 


cal propoſitions ; and it is by algebra that 


the 


6. 
the bounds and application of grometry 


have been of late ſo far extended. =_ 


The proper obj es of mathematical ſci- 


ence are NUMBER and ExTENS1ON ; but U ; 


mathematical inquiries may be inſtituted al- 


ſo concerning any phyſical quantities, that 


are capable of being meaſured or expreſſed | 


by numbers and extended magnitudes e 


And, as the application of algebra may be 
equally univerſal, it has been called The 
- frience of N in general. 
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DEFINITIONS. 


I. CY VANTITIES which are known, 

Q are generally repreſented by the 
firſt letters of the alphabet, as a, b, c, &c. 
: and ſuch as are unknown, by the laſt 

| letters, as x, y, 2, &c. 5 
f II. The ſign + (plus) denotes, that the 
quantity before which it is placed is to 
be added. Thus a+b denotes the ſum 
of a and 6; 3 ＋5 denotes the ſum of 3 
and 5, or 8. When no ſign is expreſſed, 
+ is underſtood, 


4+ 


4 5 III. 


(6 ) 


III. The ſign — (minus) denotes, that the 
quantity, before which it is placed, is to 
be ſubtracted. Thus, a—b denotes the 
excels of a above 53 | on the exceſs 

of 6 above 2, or 4. 

Note, Theſe characters + and —, from 
their extenſive uſe in Algebra, are called 
the figns; and the one is ſaid to be oppo- 

fite or contrary to the other. | 

IV. Quantities which have the ſign + pre- 
fixed to them, are called Pgſitive or af= 

firmative.; and ſuch as have the ſign 
— prefixed to them are called negative, 

V. Quantities which have the ſame ſign, 

either  or—, are alſo ſaid to have like 

gust, and thoſe which have different 
ſigns, are ſaid to have anlike ſigns, Thus, 
+a, +6, have like ſigns, and +a, e, 
are ſaid to have unlike ſigns. 

VI. The juxtapoſition of letters, as in the 

+ ſame word, expreſſes the product of the 

quantities denoted by theſe letters. Thus, 

ab expreſſes the product of a and b z bed 
expreſſes the continued product of b, c, 


85 and 


62) 


and d. The ſign Xx alſo expreſſes the 
product of any two quantities between 
which it is placed. 0 

vil A number prefixed to a lauer is 8 

a numeral. coefficient, and expreſſes. the 


product of the quantity by that number, 


or how often the quantity denoted by 
the letter is to be taken, Whenno num- 
ber is prefixed, unit is underſtood. 


VIII. The quotient of two quantities is de- 


noted, by placing the dividend above a 
fmall line, and the diuꝛſor below it. Thus, 


= the quotient of 18 divided by 3, or 6; 


3 


= is the quotient of a divided by b. This 


Clin of a bent; is alſo called a 


fraction, 

IX. A quantity is ſaid to be r which 
conſiſts of one part or Term, as +a, 
— abc ; and a quantity is faid to be com- 
pound, when it conſiſts of more than one 
term, connected by the figns T or —. 

Thus, a+6, a—b+c, are compound 
quantities, If there are two terms, it Is 
=> : called 


called a binomial ; if three, a trinomial, 
E&c. | % 

X. Simple quantities, or the terms of com- 
pound quantities, are ſaid to be like, 
which conſiſt of the ſame letter or let- 
ters, equally repeated. Thus, Tab, 
Fab, are like quantities; but Tab, 
and Taab, are unlike. 

XI. The equality of two quantities is ex- 
preſſed, by placing the ſign between 
them. Thus, x+a=b—c, means that 
the ſum of x and a is equal to the ex- 
ceſs of õ above c. | 


When quantities are conſidered abſtract- 
ly, the + and — denote addition and ſub- 
traction only, according to Def. II, III.; 
and the terms pgſitive and negative expreſs 
the ſame ideas. In that caſe, a negative 
quantity by itſelf is unintelligible, The 
ſign + alſo is unneceſſary before ſimple 
quantities, or before the leading term of a 
compound quantity which is not negative ; 
though, when ſuch a quantity or term is to 
be added to another, + muſt be placed be- 

| fore 


( 9: 0% 
fore it, to expreſs that addition; and hence 
in Def. II. it is ſaid, that + is underſtood, 
when no ſign is expreſſed. | 
In geometry, however, and in certain 


may be an oppoſition or contrariety in the 
quantities, analogous to that of addition 
and fubtraQtion ; and the ſigns + and — 


may very conveniently be uſed to expreſs 
that comrariety, In ſuch cafes, negative 
quantities are underftood to exift by them 


{elves ; and the ſame rules take place in o- 


perations into which they enter, as are u- 
ſed with regard to the negative terms of 


abſtract quantities. 

When, therefore, in the bales ele- 
mentary rules, negative quantities are intro- 
duced as examples, they are to be under- 
ſtood, either as ſubtracted from poſitive 
quantities not expreſſed; or, as having ſuch 
an oppoſition as has now been mentioned, 

to other quantities marked with the ſign, 


bo 5 


applications of geometry and algebra, there 
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Of Axioms, 


LGEBRAICAL reaſonings are 
founded on a ſet of firſt principles, | 
not leſs .evident than the axioms of Geo- 
metry. _ They are, indeed, ſo ſimple, that | 
it is unneceſſary, in this place, either to e- 
numerate, or to illuſtrate them. . Beſides, a 
general axiom is not more evident than a- 
ny particular propolition comprehended in 


( uw) 
CHAP: L 


Fundamental Operations 


HE fundamental operations in Alge-= 
[ © gebra are the ſame as in common 
Arithmetic, ADDITION, SUBTRACTION, : 
MULTIPLICATION, and DivisI1oN ; and 
from the various combinations of theſe 
four, all the others are derived. 

PR O B. I. To add Quantities. 
Simple quantities, or the terms of com- 
pound quantities, to be added together, 
may be, lite with like figns, like with 
unlike figns, or they may be unlike, 


„1 


CAsE 1, To add terms that are like, and 
have like ſigns, | / 


Rule. Add together the coefficients, to their 
Jum prefix the common fign, and ſubjoin 

the common letter or letters, 
EX A M. 


— 0 


(nu) 
EXAMPLES. 


To za,  gaa—ab 
Add nad | 9 

44a— 5a 
Sum "ou 


CAsE IL To add, Terms that are like, 
but have unlike ſigns. 


Rule. Subtract the eſe caefficient 3 the 


Freater; prefix the ſign. of the greater to 
the remainder, and ſubjoin the common | 


letter or letters. 


EXAMPLES. 5 
J7 ab 
3c LE +246 

+ be hab 


Cass II. To add Terms that are an 
Rule. Set them all down, one after another, 
with their ſigns and coefficients 5 N 

E XAMPP L E. 


2a4+30 
5er 


2% 3-58 


. Compound 


( x3 ) 


Compound quantities are added together, 


by uniting the ſeveral Terms, of which 
they confeft, by the preceding rules. 
EXAMPLE. 
i C- 12 
The ſum of 3 


- 


Try ab is 
e een 


is gab——3cdþlg—m: 


The rule for caſe III. may be conſidered 
as the general rule for adding all Algebrai- 
cal Quantities whatſoever, and, by the rules 
in the two preceding caſes, the like Terms 
in the quantities to be added may be uni- 


ted, ſo as to render the expreſſion of the 
ſum more ſimple. | 


PROB. II. To fubtraft Quantities. 


General Rule. Change the ſigns of the 
quantity to be ſubtracted into the contrary 
ſigns, and then add it, ſo changed, to the 

quantity from which it was to be ſubtrac- 
ted; (by Prob. J.) the ſum ariſing by this 
addition, is the remainder. 

| E X A M- 


(w} 
EXAMPLES. 


From za - nab—16bc 
Subtract +3a 3ab+ mb 


| Rem. +29 | gab—1 — 


From 5.— nb4gc+8. 7 
Subtract 20—4b+ge—d * - 


Rem. ee 
When a poſitive quantity is to be ſub- 


tracted, the rule is obvious from Def. * 


In order to ſhew it, when the negative part 
of a quantity is to be ſubtracted, let. c—4 
be ſubtracted from a, the remainder, accor- 


ding to the rule, is a—c+d, For, if c is 


ſubtracted from a, the remainder is a=—c, 


(by Def. 3.) ; but this is too ſmall, becauſe 


c is ſubtracted inſtead of cd, which is 
leſs than it by 4; the remainder therefore 
is too ſmall by 4; and d being added, it is 
ac, according to the rule. 


Otherwiſe, If the quantity d be added to 


theſe two quantities a, and c-, the differ- 
ence will continue the ſame; that is, the ex- 
ceſs of a above c-, is equal to the exceſs 
of a-+d above c—d+4; that is, to the 
excels of a+d above c, which plainly is 


/ x 


,. 
.- 6 
"a 


t WJ 


a+d—c, ay 1s- therefore the remainder 
5 en | 1 
PRO B. III. To multiply quantities. | 
General Rule for the ſigns. When the 
fn. of the two terms to be multiplied 
are like, the fign of the product is + ; 


but, when the ſigns are mo, the fign 
m of the product is —. 


Cass I, To multiply two terms. 


Rule. F ind the fign of the product by the 
general rule; after it place the product 
of the numeral coefficients, and then ſet 
down all the letters one after another, as 
in one word, 


» Mult. 4a +56 * — 
By +6 —Jc 27 
„ —T5bc | +35aabx 


The reaſon of this rule is derived from 
Def, 6. and from the nature of multiplica- 
tion, which is a repeated addition of one of 
the quantities to be multiplied as often as 
there are units in the other. Hence alſo 

| the 


4+ 


the letters in two terms multiplied together 
may be placed in any order, and therefore 
the order of the alphabet is generally pre- 
ferred. TY Dn 
__ Caxzll, To multiply compound quan- 
tities. 5 


Rule. Multiply every term of the multiplie 
cand by all the terms of the multiplier, 
one after another, according to the prece- 
ding rule, and then collect all the pro- 

duct into one fum ; that fm is the pro- 


EXAMPLES, _ 


Mult. 2a+36 
By 3a 4¹ 


| " Gaan+gabx a 


Prod. 6aax+9abx— Baby—12bby 


Mult. Fes 

By —4 
e 
= 


Prod; nnn 
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07 the General Rule for the Signs, 


The reaſon of that rule will appear, by 
proving it, as applied to the laſt mentioned 
example of a—b multiplied. by 4, in 


which every caſe of it occurs. 


Since multiplication is a repeated addi- 
tion of the multiplicand, as often as there 
are units in the multiplier ; hence, if a—b 


is to be multiplied by c, a—b muſt be add- 


ed to itſelf, as often as there are units in 
c, and the product therefore muſt be ca—cb, 
(Prob. I.). 

But this product i is too great; for a—b is 


to be multiplied, not by c, but by c- on- 


ly, which is the exceſs of c above 4; d 


times 4-5, therefore, or da—db, has been 


taken too much; hence, this quantity muſt 
be ſubtracted from the former part of the 
product, and the remainder, which (by 
prob. II.) is ca—cb—da +db, will be the 


true product required. 


Def. XII. When ſeveral Quantities are 
multiplied together, any of them is called 
a factor of the product. 

C XIII. 


168 


XIII. The products ariſing from the 
continual multiplication of the ſame quan- 
tity, are called the Powers of that quanti- 
ty, which is the Root. Thus, aa, aaa, _ 
Kc. are powers of the root a. 

XIV. Theſe powers are expreſſed, by 
placing above the root, to the right hand, 
a figure, denoting how often the root is 
repeated. This figure is called an index or 
exponent, and from it the power is denomi- 


_ nated. Thus, 


1ſt 7 Power of the Root ] ar or 2 


led _ 


a 
aa (= v 20 7 :: as and is other- a2 
aaa (8 Y 3d ( wiſe expreſſed, ( a3 
aaaa ) e Cath) by” EL POS cee. 


The 2d and 3d powers are generally 
called the Square and Cube; and the 4th, 
5th, and 6th, are alſo ſometimes reſpec- 
tively called the Biquadrate, Surſolid, and 
Cubocube. 
Cor. Powers of the ſame root are mul- 
tiplied by adding their exponents, Thus, 
a X@a*=45, or aaa X aa =aaaaa, bxb=b, 


\ 
\ 


7 


scHo- 
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En 
SCHOLIUM. 


Sometimes it is convenient to expreſs the 


- multiplication of quantities, by ſetting them 


down with the ſign X between them, 
without performing the operation accor- 


ding to the preceding rules; ; thus, a* X bis 


written inſtead of ob ; and a—b N 4, 
expreſſes the e of a=—b, multiplied 
by - 4. 


Def. XV. A Vinculum is a line drawn 


over any number of terms of a compound 


quantity, to denote thoſe which are under- 


ſtood to be affected by. the particular ſign 
connected with it. 

Thus, in the laſt example, it ſhews, that 
the terms +a and —5, and alſo c and —d4 
are all affected by the ſign x. Without 
the vinculum, the expreſſion ab Cond, 
would mean the exceſs of a above bc and 


d . and a- x c—d would mean the exceſs 


of the product of a—b by c, above d. Thus 


alſo, a-), expreſſes the ſecond power of 


4 ＋b, or the product of that quantity mul- 


tiplied by tlelf, ; . whereas a+06 would ex- 
preſs 


e 


Cw) 


preſs only the ſum of a and Þ ; and ſo of 
others. By ſome writers a parentheſis () 
is uſed as a vinculum, and (4-+6) is the 
ſame thing as . 

P RO B. IV. To divide quantities. 


General rule for the ſigns. JF the figns of 
diviſor and dividend are like, the fign of 
the quotient is "2 fey are unlike, the 
ſign of the quotient 16 —. 

This rule is eaſily deduced from chat HY 
ven in Prob. 3. ; for, from the nature of 
diviſion, the quotient muſt be ſuch a quan- 
tity as, multiplied by the diviſor, ſhall pro- 
duce the dividend, with its proper ſign. 

; From Def. 8. the Quotient of any two 

Quantities may be- expreſſed, by placing 

the dividend above a line, and the diviſor 
below it. But a quotient may often be ex- 
preſſed in a more ſimple and convenient 
form, as will appear from the following 
diſtinction of the Caſes. 

Caſe I. When the diviſor is Gmple, and 
is a factor of all the terms of the Dividend. 


This 1 is 3 diſcovered by inſpection; for 
then 


( 21 ) 
then the coefficient of the diviſor meaſures 
that of all the Terms of the dividend, and 


all the letters of the diviſor are found in 
every Term of the Dividend, 


Rule. The letter or letters in the diviſor 


are to be expunged out of each term in the 


dividend, and the coefficients of each term 
"70 be divided by the coefficient of the di- 


Viſor; the you reſulting is the quo- 


tient. 


Ex. a) ab(h. 2aab) 6a*bc—qga*bdm (3ar—2am. 


The reaſon of this is evident from the 
nature of diviſion, and from def. 6. 


Note. It is obvious from corollary to 


prob. 3. that powers of the ſame root are 
divided by ſubtracting their exponents. 


Thus, a*)a*(a. as) aꝰ(a4. | alſo ab)aVebs. 


Cage II. When the diviſor is ſimple, 


but not a factor of the dividend, 


Rule. The quotient is expreſſed by a frac- 
tion, according to def, 8. viz, M placing 


the 


: 
| 
| 
| 


( a2 ) 
the dividend above a ws and the div Uſer 
below it. 


Thus, the quotient of 305 divided by 


zab* 


2mbc 1s the fraction ambe 


Such expreſſions of quotients may often 
be reduced to a more ſimple form, as ſhall 
be explained in the ſecond part of this 
chapter. 2 


— 


Cas E III. When the diviſor 1s "Ol 
pound. 


R U 1. E. 


Pg 


I. The terms of the 8 are to he ran- 
ged according to the powers of fome one 
of its letters; and thoſe of the diviſor, 
according to the powers of the ſame letter. 


Thus, if a*'+246þ4+# is the dividend, 


and aÞ+b the diviſor, they Are ranged ac- 


cording to the powers of a. 


2. The firſt term of the dividend is to be di- 
vided by the eJuf term of the diviſor, (ob. 
1 ſerving 


6 


ſeruving the general rule for the ſigus;) 
and this quotient being ſet down as a part 
of the quotient wanted, is to be multi- 
plied by the whole diviſor, and the pro- 
duct ſubtracted from the dividend, If no- 
thing remain, the diviſion is fimſhed : the 
remainder, when there i is ally, 15 a new 
dividend, | 
Thus, in the preceding example, a* di- 
vided by a, gives a, which is the firſt part 
of the quotient wanted : and the product 
of this part by the whole diviſor a+6, viz. 
a* ab being ſubtracted from the given 
dividend, there remains in this example 
ab. 
3. Divide the fir rſt term of this new divi- 
dend by the firſt term of the diviſor as be- 
fore, and join the quotient to the part al- 


— ready found, with its proper fign : then 


multiply the whole diviſor by this part of 
the quotient, and ſubtract the product from 
the new dividend : and thus the opera- 
tion is to be continued, till no remainder is 
left, or till it appear that there will al- 


ways be a remainder. 
: Thus, 
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Thus, in the preceding example, Tab, 
the farſt term of the new dividend divided 
by a, gives þ; the product of which, mul- 
tiplied by 4 , being ſubtracted from 
ab. b, nothing remains, and a ＋6 is the 
true quotient. 

The entire operation is as follows. 
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a "+ ab | » 


ab 4-6*- 
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It often happens, as in the laſt example, 


that there is till a remainder from which 
the operation may be continued without 


end. This expreſſion of a quotient is call- 
ed an infinite ſeries ; the nature of which 


ſhall be conſidered afterwards. By compa- 


ring a few of the firſt terms, the la of 


the ſeries may be diſcovered, by which, 


without any more divifion, it may be con- 
tinued to any number of terms wanted. 


+ Of tbe General Rule. 
The reafon of the diffetent parts of is 


rule is evident; for, in the courſe of the o- 
peration, all the terms of the quotient ob- 


tained by it are multiplied by all the terms 
of the diviſor, and the products are ſucceſ- 


 fively ſubtracted from the dividend, till no- 
thing remain : that, therefore, from the na- 
ture of diviſion, muſt be the true quotient. 

Note. The ſign = is ſometimes uſed to 
expreſs the quotient of two quantities, be- 


tween which It 1s placed : Thus, 


2 x- T, expreſſes the quotient of 


a divided by a+x, 
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PART UI. 


OF FRACTIONS. 


— 


DEFINITIONS. 


HEN a quotient is expreſſed by 

a fraction, the diviſion above 

the line 5 is called the numerator ; and the 

diviſor below it is called the denomina- 
tor. 


II. If the numerator is leſs than the - 
minator, it is called a proper fraction. 
HI. If the numerator is not leſs than the 

denominator, it is called an improper 
N _ 
| my IV. 4 


627) 
IV. If one part of a quantity is an integer, 
and the other a fraction, it is called a 
mixt quantity. 


v. The reciprocal of a fraction, is a frac- 
tion whoſe numerator is the denominator 
of the other; and whoſe denominator is 
the numerator of the other. The reci- 
procal of an integer is the f of 1 


divided by that integer. Thus, — is the 


reciprocal of 4; and 5 i the . 

cal of wn. 

The diſtinctions in Def. II. III. IV. pro- 
perly belong to common arithmetic, from 


which they are borrowed, and are ſcarcely 
uſed in Algebra. ; EE 


4 v 


The operations concerning fractions are 
founded on the following propoſition : 


7 the div for and dividend be either both 
multiphed, or both divided, by the ſame 
quantity, the quotient is the ſame ; or, if both 
the numerator and denominator of the frac- 
tion be ner SHR or divided by the 


fame 


( 8 ) 
ame quantity, the value of that OTE is 
_ the fame. 


| 4 T1. ; 
Thus, let = 6. FI For, from 
the nature of diviſion, if the quotient T | 


(Sc) be multiplied by the diviſor 5, the 
product muſt be the dividend a. Hence 


| (5 * ) be =a, and likewiſe ma S mbc, 

and dividing both by mb, c. Converſe- 
it MG OE 
ly, if — Sc, then; alſo; F c, 


Cor. 1. Hence a fraction may be reduced 

to another of the ſame value, but of a more 
ſimple form, by dividing both numerator 
and denominator by any common meaſure. 


Thus, 3925549 — N 

1246 5 

8ab+6ac 46.7 3c. 

Fra "_ 6 
"Cor, 2. A fraction i is multiplied by any 
integer, by multiplying the numerator, or 
dividing the den- inator by that i integer: - 
and converſely, a fraction 18 divided by any 
integer, 
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integer, by dividing the numerator, or mul. 
tiplying the denominator by that integer. 


Prob. I. To find the greateſt common 
meaſure of two quantities. 


1. Of pure numbers. 


Rule. Divide the greater by, the leſs : and, 

if there is no remamder, the leſs is the 
See common meaſure required. If 
there is a remainder, divide the laſt diui- 
| for by it; and thus proceed continually 
dividing the laſt diviſor by its remainder, 
till no remamder is left, and the laſt divi- 

for is the greateſi common meaſure regqui- 
red. | | 


2 „* 


The greateſt common meaſure of 45 and + 
63 is 9; the greateſt common meaſure of 
187 and 391 is 17, Thus, 2 „ 


45)63(1 207)391(2 
45 | 374 
18(45(2 . he ö 4 
36 - 187 | 
9)18(2 | | * 
18 * 185 
. 5 
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From the nature of this operation, it is 
plain, that it may always be continued, till 
there be no remainder, The rule depends 
on the two following principles, 

1. A quantity which meaſures both di- 


viſor and remainder, muſt meaſure the di- 


vidend. | 

2. A quantity which meaſures both di- 
viſor and dividend, muſt alſo meaſure the 
remainder, | 
For a quantity which meaſures two o- 
ther quantities, muſt alſo meaſure both their 


ſum and difference; and, from the nature 
of diviſion, the dividend conſiſts of the di- 


viſor repeated a certain number of times, 


together with the remainder. By the firſt 


it appears, that the number found by this 


rule is a common meaſure ; and, by the ſe- 
cond, it is plain there can be no greater 


common meaſure ; for, if there were, it 
muſt neceſſarily meaſure the quantity alrea- 
dy found leſs than itſelf, which is abſurd. 

When the greateſt common meaſure of 


algebraical quantities is required, if either | 
of them be ſimple, any common ſimple di- 


viſor 
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(3) 
viſor is eaſily found by inſpeQion. If they 


are both compound, any common fimple 


> diviſor may alſo be found by inſpection. 


But, when the greateſt compound diviſor 1s 
wanted, the preceding rule is to be applied; 
only, 

2. The ſimple diviſors of each of the quan- 
tities are to be taken out, the remainders in 
the ſeveral operations are alſo to be divided 
by their fmple diuiſors, and the quantities 
are always to be ranged according to _ 
powers of the ſame letter. 

The ſimple diviſors in the given quanti- 
ties, or in the remainders, do not affect a 
compound diviſor which is wanted; and 
henee alſo, to make the diviſion ſucceed, a- 
ny of the dividends may be multiplied by a 
ſimple quantity. Beſides the ſimple divi- 
ſors in the remainders not being found in 
the diviſors from which they ariſe, can 
make no part of the common meaſure 
ſought ; and for the fame reaſon, if in ſuch 
a remainder, there be any compound divi- 
ſor which does not meaſure the diviſor from 


which it proceeds, it may be taken out. 
EXAM- 


TS 
EXAMPLES: 
bee 


ee 3 which; 
| divided by — 26 is a—b) a*—Þ (ab 
3 


a 


3 


I the quantities given are, 8.51 oa. 
Fab, and 94% — gas + 34*b*—3ab*. The 
ſimple diviſors being taken out, viz. 20 out 
of the firſt, it becomes 4a*—52b-+4", and 
3ab out of the ſecond, it is 34 — 3a*b+ab? 
—tÞ, As the latter is to be divided by the 
former, it muſt be multiplied by 4, to make 


the operation ſucceed, and then it is as fol- 


lows: 


44. — 65 125 1275 Ca. a 
| 4 128% —1 SOD TIP. | (30 


CURE 


This remainder is to „be divided may bh 
and the new dividend multipled by 3, to 
make the divifion proceed, Thus, 


6 


(a5 


2 4＋.— et (4 
＋ 4 40 124 T4416“ 


— — 


—19ab4196* | 
and this remainder, divided by —1996, gives 
a—b, which being made a diviſor, divides 
34 +ab—4#H, without a remainder, and 
therefore a—b is the greateſt compound di- 
viſor : but there is a ſimple diviſor ö, and 
therefore a—bX b is the gteateſt common 
meaſure required, | | 

Prob. II. To reduce a fraction to its lows 
eſt terms, 


Role. Divide both numerator and denomi- 
nator by their greatęſi common meaſure, 
which may be N by prob. 1. 


Thus, Take | =, 25bc being the greateſt common 


T25bcx © 
Es . r 
WW ˙ 
gaga. L. . 3b —3al. . ＋ gal- 11 
8a*b*— 1 0ab3 + 264 835 — 2522 he Sr eateſt 


common meaſure being e, by prob. f. 


Prob. III. To reduce an integer to the 


form of a fraction. 
| E : Rule, 


649 


Rule. Multiply the given integer by any 
quantity for a numerator, and ſet that 
quantity under the product, for a denomi- 
nator. 


2 


Thus, a=" * 2 — 


Cor. Hence, in the following operations 
concerning fractions, an integer may be in- 
troduced; for, by this problem, it may be 
reduced to the form of a fraction. The 
denominator of an integer is generally 
made 1. 


Prob. IV. To reduce fractions with dif- 
ferent denominators to fractions of equal 
value, that ſhall have the ſame denomina- 
tor. | | | 
Rule. Multiply each numerator, ſeparately 

taken, into all the denominators but its 
' own, and the produfts ſhall give the new 
numerators. Then multiply all the deno- 

minators into one another, and the product 
ſhall give the common denominator. 


Example. 


17 


(0 9 


Example. Let the fraftions be 7,5 ©, they are 


” ap" 
adf be, bade 
fp 1p if 
The reaſon of the operation appears from 
the preceding propoſition ; for the nume- 
rator and denominator of each fraction are 


reſpectively equal to 


multiplied by the ſame quantities; and the 
value of the fractions therefore is the ſame. 


Prob. V. To add and ſubtract fractions. 


Rule. Reduce them to a common denomina- 
tor, then add or ſubtract the numerators ; 
and. the ſum or difference ſet over the com- 
mon denominator 1s the ſum or remainder 
required. | 


Ex. Mad tab ©, © © the ſum i LEST, 
; 25 


ad f* 


From 7 ſubtract <, the difference is — 


7 "= ap 


From the nature of diviſion it is evident, 
that, when ſeveral quantities are to be di- 
vided by the ſame diviſor, the ſum of the 


quotients is the ſame with the quotient of 


the ſum of the quantities divided by that 


common diviſor. 


In 


1 


In like manner, the difference of two 


fractions having the ſame denominator, is 


equal to the difference of the numerators 


divided by that common denominator. 
Cor. 1. By Cor. Prob. 3. integers may 
be reduced to the form of fractions, and 
hence integers and fractions may be added 
and ſubtracted by this rule. Hence alſo 
what is called a mixt quantity may be re- 
duced into the form of a fraction by bring- 
ing the integral part into the form of a 
fraction, with the ſame denominator as the 
fractional part, and adding or ſubtracting 
the numerators according as the two parts 
are connected by the ſigns + or —. 


Thus, 6 + - = 22 and a = = 


— 


24a —a? +b? _ a* +b* 
24a : 2a 


Cor. 2. A fraction, whoſe numerator is a 
compound quantity, may be diſtinguiſhed 
into parts, by dividing the numerator into 
ſeveral parts, and ſetting each over the ori- 


ginal denominator, and uniting the new 
| fractions, 


4" 06.3 
fradions, (reduced if neceſſary) by the 


ſigns of their numerators. 
| OT 
Th, SE nd Pad nn), 


— ww 


2a 24 242 2 


Prob. V. To multiply fractions. 
Rule. Multiply their numerators into one a- 
. nother, to obtain the numerator of the pro- 
duct; and the denominators, multiphed 
into one another, ſhall givg the denomina- 
tor of the product. 


For, if _ to be multiplied by c, the product is 


5 but if it is to be multiplied only by 7. the former 


product muſt be divided by d, and it wana? = 1 3 


(cor. 2. to the preceding problem). 
a Pal _ 
Or let = m, and - = . Then a=bm, and 


An, and ac=bamn, and (m=)— x Ag. 


Prob. VII. To divide fractions. 
Rule. Multiply the numerator of the divi- 
dend by the denommator of the diviſor ; 


their 


. err rh IE T—é—— 
% 8 


( 38 ) 


. their product ſhall give the numerator of 


the quotient, Then multiply the denomi- 


 nator of the dividend by the numerator of 


the diviſor, and their product ſhall give 
the denominator. 

Or, Multiply the dividend 8 the reciprocal 
of the diviſor, the product will be the 


quotient wanted. 


For, if - is to be divided by. 4, the 3 is 


_ ; at ©: 7 is to be divided, not by a, 6 by Tb 9 
fore the former quotient muſt be multiplied by b, and 


. 
a 


Or, 3 and = =: ; then alm, and c dn; 


d 


alſo ad=bdm, and be a dn; therefore che 2 


bam m ad! 
8s G HOL IV u. | 
By theſe problems, the four fundamen- 


tal operations may be performed, when any 
| terms 
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( 39 


terms of the original quantities, or of thoſe 
which ariſe in the courſe of the e operation, 
are fractional. e 


4 a w , - 4 
I So — — 35% 
Example, Mult 7 T7 


b 
ax) atþx* 2 — 22 Co 
az a | a* 
ad = 


5 


2* * 
x3 
2%x* es 
a 
23. 
a 
2x3 2x4 
a a* 
2x+ 
+ — 5 
4 


This quotient becomes a ſeries, of which 


the law of continuation is obvious, with- 
out any farther operation. 


In 


= 
| 
| 
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In ſuch caſes, when we arrive at a re- 


mainder of one term, it is commonly ſet 


down with the diviſor below it, after the 
other terms of the quotient, which then 
becomes a mixt quantity 


Thus, 3 ID t quotient 1s alſo expreſſed 
by a— * += 


( 4t ) 
a 12s apy. 


| Of Proportion. 


Y Y the preceding operations, quantities 
of the ſame kind may be compared 
rogether. * 

The relation ariſing from this compari- 
ſon is called Ratio or Proportion, and is of 
two kinds. If we conſider the difference 
of the two quantities, it is called Arithme= 
tical Proportion; and, if we conſider their 
quotient, it is called Geometrical Proportion. 
This laſt being moſt generally uſeful, is 
commonly called ſimply Proportion. 


1. Of Arithmetical Proportion. 


Definition, When, of four quantities, the 


difference of the firſt and ſecond is equal to- 
the difference of the third and fourth, the 


quantities are called arithmetical propor- 
| tionals. 


Cor. Three quantities may be arithmeti- | 


_ cally proportional, by ſuppoſing the two 
middle terms of the four to be equal. 


* Prop. 


5 
do.) 


( 42 ) 


Prop. In four quantities arithmetically 
proportional, the ſum of the extremes is e- 
qual to the ſum of the means. 

Let the four be a, b, c, d. Therefore 
from Def. a—=b=c—d ; to theſe add d 
and a+d=b+c. | 
| Cor. 1. Of four arithmetical proportion- 
als, any three 5 ng given, we fourth may 
be found. 


Thus, let a, 9 2 e, be the iſt, 2d, and an 


terms, and et x be the third which i 1s ſought. 
Then, by definition, ae be, and 


81 1 


x=a+c—b. 
Cor. 2. If nd, quantities be 1 


cal proportionals, the ſum of the extremes 
is double of the middle term; and hence, 


of three ſuch proportionals, any two being | 


given, the third may be found. 


>"; 


2. of Crometrical Proportion. UT 
Definition. | If, of four e the 


quotient of the firſt and ſecond is equal to 


the quotient of the third and fourth, theſe 


quantities are ſaid to be in geometrical Pro- 


portion. They are alſo called proportionals, 
Thus, 


* 
. 4 ** * a 


( +) 


Thus, if a) b, Gy d, are the four — 8 


K - = 7 and their ratio is thus de- 
noted, a: b::c: d. 

Cor. Three quantities may be geometri- 
cal proportionals, viz. by ſuppoſing the two 
middle terms of the four to be equal. If 


| 3 
the quantities are a, 6, c, then e and 
the proportion is expreſſed thus, a: 6: c. 
Prop. I. The product of the extremes of 
four quantities geometrically proportional 
is equal to the product of the means: and 
converſely, | 
Let a:b:c | 
Then, by Def. FS | 
and multiplying both by bd, ad=bc. 
If ad= bc, then l by ba bd, 55 . that 


is, 026120: d, 


Cor. 1. The product of the extremes of 
three quantities, geometrically proportion- 
al, is equal to the ſquare of the middle 
term. 


Cor. 


LES 


Cor. 2. Of four n geometrically 
proportional, any three being given, the 
fourth may be found. ; 

Ex. Let a, b, c, be the three firſt; to find 
the 4th. Let it be x, then 4: 5 1 c 5 
and by this propoſition, 5 2 
| ax be 


and hiding both by a, . 


Ibis coincides with the Rule of Three in 
arithmetic, and may be conſidered as a de- 
monſtration of it. In applying the rule to 
any particular caſe, jt is only to be obſer- 
ved, that the quantities muſt be ſo connec- 
ted, and ſo arranged, that they be propor- 
tional, according to the preceding definition. 
Cor. 3. Of three geometrical proportion- 
als, any two being given, the third may be 
found. 
Prop. II. If four quantities be geometri- 
cally proportional, then if any equimultiples 
whatever be taken of the firſt and third, and 
alſo any equimultiples whatever of the ſe- 
| cond and fourth ; if the multiple of the 
firſt | be * than that of the ſecond, the 
multiple 


; ({ 7 
multiple of the third will be greater than 
that of the fourth ; and if equal, equal 3 
and if lefs, leſs. _ 

For, let a, b, c, d, be the four proportion- 
als. Of the firſt and third, ma and mc may 
repreſent any equimultiples whatever, and 
alſo nb, nd, may repreſent any equimul- 
tiples of the ſecond and fourth. Since 
a ; b::c:d, ad be; and hence multiply- 
ing by mn, mnad S mnbc, and therefore 
(Conv. Prop. 1.) ma: nb :: me: nd; and 
from the definition of proportionals, it is 
plain, that if na is greater than ub, mc muſt 
be greater than nd; and if equal, equal: 
and if leſs, leſs, 

Prop. III. If four quantities are propor- 

tionals, they will alſo be proportionals when 

taken alternately or mverſecly, or by compo- 
ſition, or by div ion, or by converſi ion. See 
def. 13. 14. 15. 16, 17. of book V. of 

Euclid, Simſon's edition. 

By Prop. II. they will alſo be propor- 
tionals, according to Def. 5. book V. of 
| Euclid ; and therefore this propoſition is 

demonſtrated 


(46) 
— by Propoſitions 16, B, 18, | 
17, E; of the ſame book. I | 


Otherwise algebraieally, 
let a b :: FE 45 and therefore ad= be, 


Altern. 1 a: > 6:33 b-: do: 
5 Invert. : bs n e @orm Ni 
be” "ht be: b :: c-: 21 


Comp. 4 b: b c td: d 
Convert. 4: a5 1 ,t 


1 


For, ſinee ad i it is obvious that in each 
of theſe caſes the product of the extremes 
is equal to the product of the means; 
the quantities are therefore proportonals 
(prop. 4 % 5 f 

Prop. IV. If four numbers be propor- 
tionals, according to Def. 5. B. V. of Eu- 
clid, they will be geometrically proportion- 
al, according to the preceding definition. ; 

1, Let the four numbers be i integers, and 
let them be a, B, c, 4 Then, if 5 times a 
and b times c be taken, and alſo a times 3 
and a times 4, ſince ba, the multiple of the 
fire, Is a: to ab, the multiple of the ſe- 

cond, 


TL @?) 


cond, bc, the multiple of the third, muſt be 
equal to ad, the multiple of the fourth. 
And, ſince hc Sad, by prop. 1. a, 6, c, and 
d, muſt be geometrical proportionals. 

2dly, If any of the numbers be frac- 
tional, all the four being multiplied by the 
denominators of the fractions, they con- 
tinue proportionals, according to Def. 5. 
B. V. Euclid, (by Prop. IV. of that book), 
and the four integer quantities produced 
being ſuch proportionals, they will be geo- 
metrical proportiopals, by the firſt part of 
this Prop.; and, therefore, being reduced 
by diviſion to their original form, they ma- 


nifeſtly will remain proportionals, accor- 
ding to the algebraical definition. 
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bprbtrfoss 


N Eguation may in general be de- 

* \ fined to be 4 propoſition aſſerting 
the equality of two quantities; and is 
By expreſſed, by Dlaging pb the * 8 be⸗ 
| tween them. 


w 


II. When a quantity ſtands A Ws eon z one 
1 ſide of an equation, the quantities on 
the other fide are ſaid to be a value of 

it. Thus, in the equation 48334 

* en alone on one fide, and . 5 
is a value of i it. 


"nt. When an unknown quantity i is made 
to "Rand alone on each fide of an equa- 
tion, and there are only known quan- 
9 1 S tities 


6509 


tities on the other; that equation is 
ſaid to be reſolved ; and the value of 
the unknown quantity is called * root 
of the equation. 


IV. Equations containing only one un- 
known quantity and its powers, are di- 
vided into orders, according to the 
higheſt power of the unknown quan- 

tity to be found i in any of i its terms. 
If the higheſt. power of it, wy The Equa-( Simple, 
the unknown quan- 2d, © tion bo call- - Luadrat. 
tity in n bethe 5d, &c. ) d — 

But the exponents of the unknown quan- 


tities are ſuppoſed to be integers, and the 
equation is ſuppoſed to be cleated of frac- 


tions, in which the unknown quantity, ot 
any of its Powers, enter the denominators. 


” "hus, +=: 2 is a a imple equation F 


3 jt = —— 12, whe cleared of the traction 


by multiplying both ſides by 2x, becomes 
6*— 5 dx, a quadratic. * 2K · =x6 
—2⁰ is an equation or the 6th order, Sc. 


l As 


SN 


: As the general relations of quantity 
which may be treated of in Algebra, are 
almoſt. univerſally either that of equality, 
or ſuch as may be reduced to that of equa- 
lity, the doctrine of equations becomes one 
of the chief branches of the ſeience. oy 4 
The moſt common and uſeful applica- 
tion of Algebra, is, the inveſtigation of 
quantities that are unknown, from certain 
given relations to each other, and to ſuch 
as are known.z and henee i it has been called 
the Analytical Art. The equations em- 
ployed for expreſſing theſe relations muſt 
therefore contain one or more unknown 
quantities, and the principal huſineſs : of this 
art will be, the deducing equations contain- 
ing only one unknown 8 and reſol- 
ving them. 1 „ 
6 The. ſolution of. the different * of 
| equations will be ſueceſſively explained; 
the preliminary rules in the following ſec- 
tion are uſeful in all orders, and are alone 
ſufficient for the ſolution of ſimple equa» 
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> dat . ine en 
/ Simple e and their Reſolution. 


Simple equations; are reſolved by by the four 


fundamental operations already, explained ; ; 
and the application of them to this EY 
is contained in the following rules. we, © 


Rule 1. Am quantity may be abel 


Hen one fide of an equation 60 the other, 
Rm c hanging ile rel tx a; 


Then, r 0 lg, M Aer 
Thus alſo, Fr b = 4.5 „ 
By tranſ. 3x =a—b. 


dee 61 


This rule is obvious from prob. 1. Inq | 
2; for it is equivalent to adding equal 


quantities to both ſides of the equation, or 
to e Fu RIS hg both 
ſides. | 273 . bs | + IF ! (47 L 


or. The e of all the terms of an e- 
quation 


- . 11 * 
N 
3 
8 
Webs 3 Fi, - 
—_— 
* n 
SH . 


_— 
1 
5428 * 5 
4 FA 

_ . 


m1. 


quation — be changed intd the ney 
| ſigns, and it will continue to be true. 


Rule II. Any quantity by which the u un- 
knawn quantity it multiphed may be ta- 
ken away, by dividing all the other quan- 
Wes. _ * . 9 3 


wx «© 3% 4 py * 8 
„ Minn # FTP 5 mb 
ö 1 
"y TY 2 ” id . ? 
* \ : Wn, * S- a * 4 * 4 


Fl % 7 185 4 Ar «4 


WY if mea Sam 0 boi 


8 
- 


nb 
x+==a. 
in 


For if ec equa ual. quantities are divided by the 
ſame ee the quotients are equal. 


Rule III. FT a term of an equation is 8 
41, its denominator may be talen away, 
of Hoping all the other termis by it. 


Thus 1 be, 5 "TOs if a— -— 
| Sab. Lac. 3 an b Sex, 
And by tranſ. ax—cx=b, 


Wo: Wh WY AVG b * 
And by div. x z—.: 


A 


For, 


t 


For, if all the terms of the equation are 
multiplied by the ſame quantity, it remains 
A, g P FO PO ſition. nend N a 


A * 


Corollary to the three ft Rules.” ; 


5 5 1 
n ne 1 
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1 any quantity be Fee des 
of the equation, with, the ſame ſign, it may 
be taken away from both. (Rule I.). 

Alſo, if all the terms in the equation are 
multiplied or divided by the ſame quanti- 
ty, it may be taken out of them all Fwy 
II. and —S 
| Ex. If tee, i Zur, 


91 


+: ' then eee, „ 

e SHY 9 3 .,v 3 ci 115 un, 61 
13D 4 iO hen n=aet 5 

155 34. 9 3. 5 * {45 "Wb = 1 

dend an ende Ii nn 
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Any ſimple equa tion may * reſolved 
by: theſe rules in the following manner; 
1f, Any fraction may be taken away by 
R. * -2dly, All the terms ineluding the 
unknown quantity may be brought to one 
fide of the equation, and the known terms 
to the other, by R. 1. Laſtly, If the un- 
known quantity is multiplied by any 
99 quantity, it may be made to ſtand 

alone 


. 


alone by R. 2. and the equation v will then 

be reſolv ed. wy ef. z. n | * * » is 

Examples of Simple Equations "reſolv 
theſe Rules. 
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be conſidered. 
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From the reſblution of equations we . 
tain the reſolution of a variety of uſeful 


problems, both in Pure mathematics and 


phyſics, and alſo in the practical arts found- 
ed upon theſe ſciences. In this place, we 
conſider the application of it to thoſe queſ- 


tions where: rhe quantities are, expreſſed by 


numbers, and — ods alone is to 


—— . 1 21 A 


When an ajuation;. containing otly one 


unknown quantity, is deduced from the 


queſtion by the following rules, it is ſome- 


times called a Final Equation. If it be 


ſimple, it may be reſolved by the prece- 


ding rules; but, if it be of 4 ſuperior or- 
der, it muſt be reſolved by the rules after- 
wards to be explained. The examples in 


this chapter are ſo contrived, that the final 


5 


equation may be ſimpfe. | 
The rules given In this fection, for the 


ſolatios of ee though wad contain 
ot 


6877 5 


a reference to: ſimpie ęquations only, are to 
eonſidered as general, and as applicable 
of a- 


' Ir 
bl 


R 
55 Ar "ry Fs 1108p: 71 121 72 
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* — 7 22019; 28) b; as d 6 die 


The unknoton quantities SIR 0- 
- npoſed:muyſt be expreſſed by letters, and the 
a irelations of db. ; known... and unknown 
quant it ifs, cuntained in it, or the condi- 
lian Mit, ar they e muſt be ex- 
iv prefſer NN equations. , 1 Theſe. equations 
being reſolued by the 5 57 this feience, 
1 will gave abe anſwer of the queſtion. © 
For example, if the queſtion gs concern- 
g es numbers, they may be called x. and 
„, And the eofditions from wich they are 
to be e muſt neee by 
Mattes. bo mit gh N 


Thus, if it be lens Ko the ſum of 
two numbers ſought be 60, that EIN 
1s expreſſed pig 6. 5771 


oY Os + 


* ; 


„ 


1 their Giffeteniee muſt be ag, e Jet 
4 tllen 28 bits (Lale 33 21 Kur il Ne 
is 14 then 2! wiſts x6 40. 


ai pro 
If their quotient: muſt be 6, the n 7 80 | 


955 their ratiopis as 4 tg 21 Pu TO. ule; 
* QZ: 3:2, 8. therefore 2& = 37. 


werke de Brie of F "the"elutiondj-whith 
"We Moſt eafily exprifed: NMafy others; oc- 
ür pickt are fefs obvious 3; » but)ias: they 
Kane be Teſcribed in -particultr rules, the 
e ee of them is beſtiex- 
Plaine & by examples," and muſt be arqui- 
u Experience nee. n Ss SOIT 
9 "AMAA Eonceptio'sr che nathie of the 
-gueftion;andiof thextlaiqns,of the ſeveral 
' quantities:1o-dvhich it refers, will generally 
lead x0 che proper method. of flatiog it, 
which in effect may: be oonſſ derec only. 
2 tranſlation from common language, . into 
hat of Algebra. 


hi: 143? $eÞ 4 N41 377 "PE Xs 20 | F er 
cnsNI. When there is n one ars 
Dy Ne Gi e 


oe 7 * 
; Rule d 
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Rule, An. nn * 
i be, argue ed. from: the.g queſtion 
(by the general rule). This equation being 
reſolved by the rules of the laſt ſection, 
ol "ind The del. RES 
. 1. . 8 bvious, that,” w en there 18 only 
dre 8 d J Hügi there abſt be only 
one independent « equation con ntained in the 
qvettion; for 3 any other would be unneceſ- 
ſary, "Ind" m Acht de eonttadiQtoty | io og 


* ry A Rf 148 18 * 1 : S 
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3-4 os 4 15 | 

3 111 <> 12.1 

E X A M p euk 5 THE 511 225415 0 

* 13 { 99 a 34.47 + 21? 


ed a half, u third part, 1 fait a, ' id? 

; LJ * an Rennt 

of aſe, os will be 38. Ani 10 

271 170591 S 
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Af the operation Vectnbre empRested, it 
may be uſeful to regiſter the lets kuf eps 


of st, as in che following Nauen r 1) 
old Ne oy Sr Vene e ai | 
EXA NR i El 1 rus 
4. trader. allows. L. 100 per; aunune for the 
| Expences of bus family, and augments ear. 
54 that t part of his flock. which i 25 not th 


"oþ 


expended, ih 9 0 4 third part ę of it 92 in 
at en of 1 three ears, his original fock 
doubled: W bat had be at firſt #3 


Let his firſt ſtock be | 1 
Of which he ſpends) | Fx 1 * K. 


149 > 


rnit 


the firſt year 100 l. C 22—160- +. 95 
and there remain ß nf IND. 

This remainder. is RY 
 increiſed by a third '] 10 2 40 

of itſelf N 3 ? Ao. 


The ſecond year he) 
ſpends 100 l. and. 
there remains iv 
He increaſes the re- 
mainder by one third | 
of it | 


e 2 


hs — 
; n 4 _ 1 ö 9 N 


2 7 9 | 
e bes _ 64 ch 
TOO rey BAY, Io 


one third 
But at the end of the 7 =. 
third year his ſtock 1 8 
is doubled —— + 

By R. 3. | 964z — 14800 = 4 
By R. 1. WO, 10 10z=14800 - 
By R. 2. 11z=1480 


1 * 


Therefore 
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Ft Therefore bis ſtock was L. 1480, Which 
being tried, anſwers the conditions of the 


e Hirt etre 53. e mY 290 | 
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of sb II. Whe n there a ee <6 unknown 
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' quatitries. e Oe, 
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Rule. Tr 250 43 av Rs equations involving 
8 the tw0 unknown quantities, muſt be deri- 
ved from the queſtion, A value of one of 
the unknown quantifies muſt be derived 
Fon each of theſe equations : and theſe | 
t value: being put equal to each other, | 
C7 4 neu equation will * involving only | 
- one unknown quantity, and may therefore | | 


"be refobved by the preceding rule. 


Two: equations muſt be deduced from 
1 the queſtion ; for, from one including two 
unknown quantities, it is plain, a known 
value of either of them cannot be obtained; . 
more than two equations would be unne- 
ceſſary, and if any third condition were aſ- 
ſumed at pleaſure, moſt probably i it would 
be inconſiſtent with. the other two, and a 
queſtion en chree ſuch conditions 
would be abſur ec. | 


It 


« 162 )) 
11 is to be 1 that the 


ndidons, and hente the two equa- 
tions ee them, muſt be indepen- 
dent, that is, the one muſt not be deducible 
from the other by algebraical reaſoping ; 
for, otherwiſe, there would in effect be on- 
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1y olle equation + uüder two. different Mi 
N. e 
: from | which n no ſolution. can 'be derived. 
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Tao pe Ag and B, were tolling of their 


"as juſt three Tomes as old. « as you Were, 


5 75 1780 r 
5 and even years | ence 7 ſhall be Juſt ; twice 
77 75 
ac old as g will be': [ e their 
: SAT * i 58 
preleut get ? 7 RD, 4 
| Im eins 0 T 
et ages of A” 5 
„v an 5 55 reſpec- . 22 and y. £ hel AA, #14 
tively in e 2 271% %nn ona 
Seven Jen 0 they | 
be e ee N ul; 
| ven... years. hence 
a 1 ; e It ' DTON 
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s TFherefore by Queſt. /// DON 


„ 1 and 2-5-4; 

© Alſo by Queſt. und LE, 
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By 5. and tranſp. — wn ofa 9 
By 6. and 7. —14=29+7 
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( 63 Y / 
The ages of A and: B chen are 49 A, Nos 
21, which anſwer the conditions 0 
The opération might have been a FATE 
thortgggd by fubtracting the ach from, ah 
and thus 14 =m1 +35 5, and e 5 
n 6th) &= (39. — 14). g. loiuv- 
"EXAMPLE, V. 


A gentlenan diſiributing money. among ik. 
Poor People, found. he. wanted 10 5. abs 5 
able to give 5 4. to. ach; ; there gone he 
gives earth 4. only, and finds he bas 5. "5 | 
| left; 0 find 25 e ff Wen, and. N 
poor people. eee e 3 Em 
If any Wen tuch as Airy! Which | 
there are two quantities ſought, can be re- 
ſolved: by means of one letter, the ſolution . 
is in general more imple than when t] 
are employed. There muſt be, however, 
two independent conditions, one of which 1 
is uſed in the notation of one, of the . 
known unden and the other gives an i 1 
equation. RFC e en RA 
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| Let the number of 


The number bf ſhillings N TIT 10 298 T 
Beer of ie dite rr ide 
By 2. and 3 44 $2—10=4245 81 


Tap. 4 5, eg ITE eee Qu: 21 4 


© The number of poor Hefefore is 15%, bag 
the number of thilfings'is (424-5 Dee e 
which anſwer Me cbndiflons. ID ad 
K x 4 K PLE. 1505 * . $a 
4 courier . ſets ou? Nom a kertbis plack, an 7 we d. 
 rravels at the rare of 7 mile} Th Maga 
and 8 hours Mer, anot ber Jets” out from 
the ane Plate, u an tFavels the Hane road”. . 
a the rate of 5 mile n 3 boars: © Tee N 
mand how long and how far the. fir muſt". 
travel, before he is overtaken. 50 the fe y 
cond? 50 17 _ SUCHEDD Gu 2% 9%; 


Let the' number of hours? 
which the firſt travelled 40 1 
Then the ſecond travelled/ © 2 


The firſt travelled ſeven miles 
in '5 hours, and woe f * 
5 in y hours 00F 4 
In like manner the ſecond f th 
1 miles 


travelled in y 8 hours F| 
But they both travelled the? ? 
ſame number of miles; | 5 


; * and 4. 5 
* 25y—200=21y : ARE 


Mult. 
Tran. + ; 4y=200 
t y=50 


' Divid. 


£ © bs o 4 + 4 


The 


(6) 


The firſt then travelled 50 hours; the fix 
cond (8 =) 42 hours. 


| The miles travelled by each ry FEY 


C82 III. When there are. three-or more 
unknown quantities, 


Rule. When there are thrie unknown gas- 
titres, there muff be three independent e- 
' quations ariſing from the queſtion ; and 
from each of thg/e a value of one of the 
unknown quantities muſt be obtained, By 
comparing theſe three values, two equa- 
tions will ariſe, involving only two un- 
known quantitiet, which may therefore : 


be reſolved by the rule Jer caſe 2. e 
In like ne may the rule be ants 


ed to ſuch queſtions as contain four or 
more unknown quantities; and hence it 
may be inferred, That, when juſt as many 
independent equations may be derived from 
a queſtion, as there are unknown quantities | 


in it, theſe quantities may be fornd 5 the 
4125 of equations. by, 
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E d three numbere, o Ad the 5 
half the other two, the ſecond. with one 
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. third of the other two, and the third 
=: e of the other _ wy be 


equal to 34. n 
*. ne. bem and the eguadions ae 
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20 ſd a number 
- whoſe digits are in aritlanctionl | proper- 
tion; if this, uumber be divided by the ſum. 
of its digits, the quaticut will be 48; and. 
rom the number be W I 98. 261 


digits will be inverted, . 


SE. x. Ed. 


Let the 2 digits be » y . 
Then the number is] 21 O0 10542 


If the digits be in-ꝰ 389 
verted, k N IOTS 
bas - its are in 5 
queſt OO eergt ies gy 
By queſtion _ | [94s =48_. 
By queſtion eee eg u- ropes 
From 6 and _—_ 1 7/998 =992 +198 a 
Divid. by og x=2 2 Ad FE 
From 4 J þ 9055252 ee 
8 and 9 1 % r „ 
Tranfp. iiy=2+1 . 8 
Mult. 5. tema a hte 
Tranſp. 13 52385 +472 : 
P gs 4  Far$104385438+478 
Tranf. ene 
es 5 " T 
4© 1 : T7 44 Lads e | 
TRA ORs 432 mich ores upon wit, 2 


R £ 1 - 
net: Hel aut 3o ain 


eee ens, that all the un- 


| known quantities, when there are more 
than two, are not in all the equations ex- 
preſſing the conditions, and therefore the 
preceding rule cannot be literally followed. 
The ſolution, however, will be obtained 
: by. ſuch ſubſtitutions as are uſed i in' Ex. F. 
and 9. or by ſimilar n which need 


not be N deſeribed. 


| Gerollary to the pg; ru 1 * e 


1 appears that, in every queſtion, there 
* be as many independent equations as 
_— quantities; if there are not, then 
e queſtion is called indeterminate, be- 
_ it may admit of an infinite number _ 

of anſwers ; ſince. the equations wanting | 
may be aſſumed at pleaſure, | There may 

be other circumſtances, however, to limit 

the anſwers tg one, or a preciſe number, ö 
and which, at the ſame time, cannot be di- | 
realy expreſſed by equations. Such are 
theſe ; that the numbers muſt be integers, 
ſquares, cubes, and many others. The ſo- 
' ** e fuch 5 which are alſo 
7 allled 


t ; : | 
#328 * ; 54 52 o 5 
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"On R occaſions, by particular s 
vances, the operations by the preceding 
rules may be much abridged.” This, how 
ever, muſt be left to the ſkill and practice 
of the learner. A few nee are ace 
following. ee 

1. It is often eaſy to employ fewer lei- 
ters than chere are unknown quantities, by 
exprefling ſome of them from a ſimple re- 
lation to others contained in the conditions 
of the queſtion. Thus, the ſolution be- 
comes more eaſy and _ (See Ex. 4. 

2 1. Sometimes it is convenient to expreſs 
by letters, not the unknown quantities 
themſelves, but ſome other quantities con- 
nected with them, as their ſum, difference, 
&c. from which they may be eaſily deri- 
ved. (See Ex. 1. of chap. f.). 

3. In the operation alſo, circumſtances 
will ſuggeſt a a more eaſy road than that 
pointed 


* 


— 


— 


the original equations may be adde toge- 


A 


ther, or may be ſubtracted; ſometimes they 
muſt be previouſſy+ Cekaldplian by ſome. 
quantity, to render ſuch addition or ſub- 
traction effectual, in exterminating one of 
the, unknown quantities, or otherwiſe pro- 
moting the ſolution. Subſtitutions may 
made of the values of quantities, in place 
of quantities themſelves, and various other 
ſuch contrivances may be uſed, which will 
render the ſolution much leſs complicated. 
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TN the ſolutions of the queſtions id the 


preceding part, the given quantities 
(being numbers) diſappear i in the laſt con- 
cluſton, ſo that no general rules for like 
cafes can be deduced from them. But, if 
letters are uſed to denote the known quan- 
tities, as well as the unknown, a general 
ſolution may be obtained, becauſe, during 
the whole courſe of the operation, they re- 
tain their original form. Hence alfo the 
connection of the quantities will appear in 
fuch a manner as to diſeerer the neceflaty 


limitations of the data, when there are any, 


which is int to the perfect ſolution of © 


0.22) 


Aa problem. Tip this 1 too, it is 
eaſy to derive a ſyathetical demonſtration 


of the ſolution, 3 ..A ® 3 | 
When letters, or any Gt Lach ſymbols, 
are employed to expreſs all the quantities, 
the algebra is ſometimes, called ſpecious or 
E * A IT * L * vn. 


A. * 


. To fund two Rn of which the ho 
and difference are given. 


e given ſum, e glee ee 
ale, It and y be the ewo numbers Tought. E 
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"Thu, le the given ſum be ere the difference ai 
( u en 5208. =. 


* q * 1 4 * , 
7 D 
3 5 2 is 2 4 © 3 5 * * — — * * x 
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( 73.) 


In the ſame manner may the canon be 
applied to any other values of 5 and d. By 
reverſing the eps i in the operation, it is ea- 


ſly to ſhew, that-if 452. and . 


the ſum of x and y moſt be 5, and their 
difference d. 


EXAMPLE IX. 


V A and B together can perform a piece of 
mort in the time a, A and C together in 
the time b, and B and C together in the 
time c, in what time will each of them 
perform it alone? 


Let 4 perform the work in the time x, 
B in y, and Cin 2; then, as the work is 
the ſame in all caſes, it _ be repreſented a 
: * unity. | ; 


Þ pos: 


a problem. Jima this method, too, it is 
eaſy to derive a ſynthetical demonſtration 
of the ſolution, , . 

When letters, or any 1 ſuch ſymbols, 
are employed to expreſs all the quantities, 
the W is ſometimes a 5 Jpecious or 

eral. 


FNANDLE vi. 


vor 


E 0 PF tuo — of which the — 
| and difference are given. 


Let be the given ſum, avi dhe glee deer 
ie, le and y be the two numbers fought: 2 


Thus, et the given fam be 100, and the difſerenc nal 
Then bens ==) * ee r=) * 
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In the ſame manner may the canon be 
applied to any other values of s and d. By 
reverſing the ſteps i in the operation, it is ea- 
ſy to ſhew, that if . and . 


the fum of x and y muſt be , and their 
” At d. 


* 


EXAMPLE IX. 


i A and B toget ber can perform a piece of 
work in the time a, A and C together in 


the time b, and B and C together in the 


time c, in what time will each of them 
perform it alone? 


Let A perform the work in the time x, 
B in y, and Cin 2; then, as the work is 
the ſame in all caſes, it _ be repreſented bs 
, by VARY. | . 
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tr ae ron wn ON 
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in days 


2 


Ain days 
in I days 
B in c days 


C in c days 
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Mute hy 110. 
Mate, 50 by sx: 


Vole. ek by 


From 1 3th ſubt. twice el 


xoth * 1 +ab— 
FR I fubt 5 — & 7 87 
From 13th ſubt. tw — 5 
| 12th | I ber. „& 82 
Example 


Add zoth, 1 I 


2 8 


2abe 


+ +—= be 


( 75.) 
Example in Numbers: I 


Let 0 days, 97 5 and c c=10 ; 
34 ,=17923, =23-7. It 
then = rin and 2 mY 
appears likewiſe that a, 6, c, haſt be ſuch, 
that the product of any two of them muſt 
be leſs than the ſuin of theſe, two multi- 
plied: by the third. This is neceſſary to 
give poſitive values of x, 5 and z, which 
alone can take place in this queſtion, Be- 
ſides, if x, 7, and 2, be aſſumed as any 
known numbers whatever, and if values of 
a, b, and c be deduced from ſteps 2th, 8th, 
and 9th; of the preceding operation; it will 
appear that a, 6, and c, will have war 
petty required in the limitation wats men 
tioned, | F 
II a, b, and e were duch, a any of the 
quantities, & Y, or E, became equal to o, it 
implies, that one of the agents did nothing 
in the work. If the values of any of theſe 
quantities be negative, the only ſuppoſition 
which could give them any meaning would 
be, that ſome of the agents, inſtead of pro- 


„ 


moting 


* 
| x %Y \ 
( 94 * be 5 
; — * f 


moting the work, either obſtructed i, or 
e! it to a certain extent. 


32 


F 


In queſtion 5th, let the firſt courier travel | 
p miles in q hours; the ſecond r miles in 
s bours ; let the e between their 
ſetting out be a 


Then, by one as formerly, 


gra 


lt Ss . be inſerted for theſs 
letters, a particular ſolution will be obtain 
ed for that caſe. Let them dhnate the 
numbers in Example 5. 


8 2 8 EY 
| Fr $X5—7X3 4 


Here i it is obvious, that gr muſt be great- 
er than pt, elſe the problem is impoſſible; J 
for then the value of x would either be in- 
finite or negative. This limitation appears 


alſo from che nature of the queſtion, as 
| the 


499 3 
the ſecond courier muſt travel at a greater 
rate than the firſt, in order to overtake 
him. For the rate of the firſt courier is 
to the rate of the ſecond as £to — that 


is, as ps to gr; and therefore gr muſt be 
greater than ps. 


 SCHOLIUM. 


Sometimes when there are many known 
quantities in a general ſolution, it may ſim- 
plify the operation, to expreſs certain com- 
binations of them by new letters, ſtill to be 
conſidered as known, 
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Of Involution and Evolution. 


N order to reſolve equations of the 
higher orders, it is neceſſary to premiſe 
the rules of IN VOLVUTION and EYOLU- 


L E M M A 


I he reciprocals of the powers of a quan- 
tity may be expreſſed by that quantity, 
with negative exponents of the ſame de- 3 
5 nomination. That is, the ſeries a, 1, 
11 1 
a a 45 _ 
a, ae, ag, a, a; a=", e. 


&c. "oy be 8 8 by 


For 


0% 


For the rule for dividing ha powers of 
the ſame root was to ſubtract the expo- 


[nents ; if then the index of the diviſor be 


greater than that of the dividend, the index 
of the gs muſt be negative, 


a* = 
Thus, fe. Allo = == 


a* 


. TY 25 And fo 


on of bars. 


Cor. 1. Hence any quantity which 101. 
tiplies either the numerator or denominator 
of a fraction, may be tranſpoſed from the 
one to the other, by 3 the * of 


its index. 


53 2 5 
Thus, — . . And — == VC. 
5 = ta 


7 
4 


Cor. 2. From this e it is evident 


that theſe negative powers, as they are call- 
ed, are multiplied by adding, and divided 
by ſubtracting their exponents. - 


= 7 
\ 


Thus, 


; . 
632) 
Thus, 4 a Ne- 
© e 
7 = =o Or, + 26 Sa. 
eehte, 


10 fad: any power of. any quantity, is 
the buſineſs of involution. 
Caſe I, When the quantity is 4 
Rule. M ultiph the exponents of” the litters 
+ the index of the power required, and | 
_ raiſe the coefficient to the ſame power. 7 


Thus, the 2d power of a is a g. 


The 3d power of 24 is 84 ** =84*. 
The zd power of gab is 290 ** b — . '= 27 b.. 
For the multiplication would be perform- 
ed by the continual addition of the expo- | 
nents; and this multiplication” of them is 


equivalent. The fame rule holds alſo when 
the ſigns of the exponents are negative. 


4 LS 

Is 8 4 — 
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i Py 
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Kale * the Sen. ks 


F the fign 5 the given 5 ic . 0 


Its powers muſt be poſitive. If t the fign is 
—, then all its powers whoſe exponents 


are even numbers, are pꝑſitive; and all 
its powers whoſe Werne are odd num- 
bers, are FT... bet, 80 


ö This is obvious FORE, this rule for the 
ſigns in multiplication. 3 

Thbe laſt part of it implies the a; ex- 
tenſive uſe of the ſigns +: and — by ſup- 
poſing that a negative quantity may exift 
by itſelf, 


Caſe I. Whets the quantity is compound. 


| Rule. The powers muſt he found by à conti- 
4 Oo. f it by uſelf.. 


Wu 


| Than, the ſquare 4 +2 is * 5 
5 autiphing ir into irſelf. The ne is 
ar · The cubs of x+Z is got by 


* . 1 


maoltiptying 


08 


multiplying the ſquare aready found by 
the root, &c. 

- Fractions are raiſed to any power, by rai- 
| ſing both numerator and denominator to 
that power, as is evident from the rule for 
multiplying fractions, in chap. I. p. 2. 


The involution of compound quantities 
is rendered much eaſier by the binomial 
theorem; for which, ſee Chap. VI. 


Mete. The ſquare of a binomial conſiſts 
of the ſquares of the two parts, and twice 
the product of the two parts. 


15 Of Evolution. 
Evolution is the reverſe of involution, 
and by it powers are reſolved into their 
roots. | 
Def. The root of any quantity is ex- 
preſſed by placing before it / (called a 
radical An) with a ſmall figure above it, 
denoting the denomination of that root. 
oy Thus, 


(%) 

Thus, the ſquare root of a is VF « or 10 @ | 
The cube root of be is be. | 
The gitbeoot of 4 —55 is = 
The mh root. of 0 —dx 1 is FB. by 


. Rule for the Signs. 


1. The root of any poſitive power may be ei- 
| ther poſitive or negative, i If it is denomi- 
nated an even number ; ; if the root i: 
_ denominated by an odd number, #1 14 Poſi- 
tive only. 


N 


2. If the power 16 e the: root a 40% 110 
negative, when it is denominated 2 an 
odd number. ! | 


3. If the power is negative, and the 8 
mination of the root even, tben no root 
can be alſig ned. Fe 


' This rule is eaſily deduced from that gi- 
ven in involution, and ſuppoſes We ſame 
extenſive uſe of the figns + and —. If it 
is applied to abſtract quantities in which a 
contrariety cannot be ſuppoſed, any root of 
a poſitive quantity muſt be poſitive only, 
| | and 


6 ( 


8 any * of à negative quantity, like it- 
ſelf, is unintelligible. cg 

In the laſt caſe, though no root can be 
_ aſſigned, yet ſometimes it is convenient to 
ſet the radical ſign before the negative 
quantity, and then 3 It is called an —__ W 
or imaginary root. | 

The root of a poſitive power, denomi- 
"nated by an even number, has often the 
the fign = before 1 it, denoting that 1 it may 
have either + or —. _ [ 
The radical ſign may be employed i to ex- 
preſs any root of any quantity whatever; 
but ſometimes the root may be accurately 
found by the following rules, and when it 
cannot, it may often be more conveniently 
expreſſed by the methods now to be ex- 
gn xo 


Caſe . When the ROWE is ſimple. 
f Rule. Divide the exponents the letters by 


_ the index of the root required, and prefix 
the root of the numeral coefficient, 


1. The exponents of the letters may be 
multiples of the index of the root, and the 


root of the coefficient may be extracted. 
| Thus, 


086 
| This the abe root * a a ba. L 
„apa. S zar 34 5 | 

- * Vase. 2 1. ob 


2. The exponents of the lors may not 
be multiples of the index of the root, and 
then they become fractions; and when the 
root of the coefficient cannot be extracted, 
it may alſo be expreſſed by a fractional 
exponent, its original index being undex- 
ſtood to be. I. - | 


Thus, y 16a p=4cth | 
Has: | = => 7 x 5 


As evolution is the 3 of involution, | 
the reaſon of the rule is evident. 
The root of any fraction is found by ex- 
tracting that root out of both numerator 
and denominator. | 


* 


| Caſe IL. When the quantity i is s compound. 
| 1. To extract the ſquare root. 


= UL E. 
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1. The given quantity is to be ranged uc- 
cording to the powers of the * as 
in diviſion. $\ Aa 


Thus, in the example a ach- Hh, the 
quantities are ranged | in this manner. 


2. The ſquare root is to be extracted out of 
the firft term ( by preceding rules ), which 
gives the firſt part. of the root fought. 
Subtraci its ſquare from the given quan- 
tity, and divide the firſt term of the re- 
mainder by double the part already found, 
and the quotient us the 1 Me term 8 the 
root. ” 


Thus, in this example, whe remainder is 
aa; and 2ab being divided by 24, the 
double of the part found, gives +b for the 
ſecond Part of the root, 55 


3. Add this ſecond purt to A. of the 4 fp, 
and mult ply their ſum by the ſecond ; part : 

wy Subt ract the product from the laſt remain- 
1 der, 


s ” 

j — 8 5 

4s « - A 

* * 
* * 
: - ; 8 * 
r * p 
. * £ 4 
* 


Aer, aud if nothing remain, the ſquare root 
is obtained. But, if there is a remainder, 


it muſt be divided by the double of the 
Parts alrzady found, and the quotient 
T will grve.\the Nun: part of the cut, 
ne. F l 6 


ofa. the laſt exariple, it 15 obvious that 
: aÞb1 18 the ſquare root roar . 


Fe 2 122 


a "The entire operation is as s follows 1 


"UE HY ere) +; 
. ee +6 
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1 3 ; 3 , 
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x 1 N - 


61900 
\'The reaſon of this rule appears from the 
come of a n 5 


* 2. To extra®t any other root. 
bes 


Rule. Regs the quantity according to the 
dimenſions F itt letters, and extract the 

aid root out "of the firſt term, and that 
ſhall be the firſt member of the root requi= - 

red. Then raiſe this root to a dimenſion 

lower unit, than the number that de- 
nomiuates the root required, and multiply | 

| the power that ariſes, by that number it- 

| felf : divide the ſecond term of the given - 

? quantity by the product, and the quotient . 
ſhall give the ſecond member of the root 

required, In like manner are the other 

parts to be found, by conſidering thoſe 

already got as Ea _ term, 


5% $« 


Thus, the e fifth root ter 4 
4 4 r 100+ cobe$b5(048 1 


a 


50. ) 50% 


And a-+h raiſed to the 5th-power is the 
8 quantity, and therefore it 18 the root 
ſought. | 
In evolution it will often "+ that 
the operation will not terminate, aft the 
root will be expreſſed by a ſeries. 

Thus, ay OE) root We #49 become 
a abe, 5 


* 2 5 4 Y ? e 9 a. Le, 13 


; wy 
B54 4 
* 


mY ns +, &e. 
3 24 84 16a 


PFC OILS T.-23-*+* . S238 iy 14 
1 * 8 * * 4 — ; bn SY N 


The extraction of roots by ſeries is much 


facilitated by the binomial theorem (Chap. 
VI. Seat. 3.). By ſimilar rules, founded 


on the ſame principles, are the roots of 
numbers to be extracted. 


ul. f Sarde, 


Def. Quantities with fraQional expo- 


nents are called Surds, or Imperfett Powers, 


Such quantities are alſo called irrational, 
in oppolition to others with integral expo- 
nents, which are called rational. 


Surds may be expreſſed either by the 
fractional exponents, or by the radical ſign, 


the denominator of the fraction being its 


index ; and henee the orders of ſurds are 5 


denominated from this index. 


In the following operations, however, it 
is generally convenient to uſe the notation 


x: the fraQtional een 


. abe ile. IF =? 455 
The 


* 6 . 53 


The operations concerning ſurds depend 
on the following principle. If the numera- 
tor and denominator of a fractional exponent 
be both multiplied or bath | divided by the 
fame quantity, the value of the n ic the 


£4 8 2 
Jame. Thus, a- =a* ; for, let 4 =b; 


chen =, and r. and extracting 


the root nc, ane = ber ba ", 
Lem. A rational a may be put in- 
to the form of a ſurd, by reducing its index 
to the form of? a fraction of the nt va- 
lue. e 


| Thus, ana = Yo" 8 


e 470 f F 


Prob 1. To reduce ſurds of different 2 
nominators to others of the ſame value, 
and of the ſame denomination. 


9 


Rule. Reduce the fractional exponents to o- 
thers the ſame value, and having the 


ane common denominator. 5 
Example. 


( 93 u 


1 . . or — **; 


| a*=ar, and Rb; : therefore FE and 


JF are reſpeAively equal to 55 45 and bs be, 
; prob. n. To multiply and divide ſurds. 


1. TW 2 they are ſurds = the 8 e 
N add and e their e 


Thus, a” 4 a ae 
a =p —a—b| =, EEE 


2. F they. are r ſurdt of different e 
" quantities, let them be brought to others 
of the ſame denomination, already they 
are not, by prob. 1. Then, by multiplying 
or dividing theſe rational quantities, their 
Product or quotient may be ſet under the 
common radical a n. 


* 


ee eee e 


I 4 — _ — 
x a+#b VN N * 


* o 
8 * 


4 225 — : 1 : 5 g 

io bbs r= Artes | 
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If the furds have any rational coeffici- 


"ents, their product or quotient muſt be pre- 


fixed. Thus, a n Kn Db nm. It is | 
often convenient, in the operations-of this 


7 problem, not to bring the ſurds of ſimple 


quantities to the ſame denomination, 'but 
to expreſs their product or quotient with- 
out the radical ſign, in the fame manner as 


if they were rational de. Thus, the 


product in Ex. r. may be a"b", and the 


quotient i in Ex. 3+ 6 art. 


r din oeclent be prefix · 
ed to a radical ſign, it may be reduced to 
the form of a ſurd by the lemma, and mul- 
tiplied by this problem ; and converſely, if 


the quantity under the radical ſign be di- 


viſible 7 e power of the lame de- 


We nomi- 5 


N > , 


nomination, it may be taken out, and its 
root an a coefficient. 1-9 


4 F =vab; 2 72 3." 
Cons. v V FR=abv] ; 3 VEG. 


F — ben the quantity under the radi- 
cal ſign is not diviſible by a perfect power, 
it may be uſeful ſometimes to divide ſurds 
into their component factors, id reverſing 
the en of this . 9 


Thus, a Laue JIE 


3 5 
Ar vk. 2 5 i 5 


— 


2 III. 'To involve or as ſurds. | | 


"This. is performed by the ſame rules as 
in other quantities, by multiplying or divi- 
ding their exponents by the VICE of £ (He 
Lab or root required. ; 

The notation” by negative Cxponents fl 
mentioned in the lemma at the beginning | 
of this chapter, 1s applicable to fractional 
exponents, in the ANT} manner as to inte- 
gers. | 
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The application of the rules of this chap- 
ter to the reſolving of equations, ſhall be 
explained in the ſueceeding chapters, which 
ireat of the ſolution of the different claſſes 


of them; but ſome examples of their uſe 
in preparing equations. for a ſolution, are 


the following. ah 0 "H 
I a e of an equation he. a — 
root, then the equation may be freed from 
any ſurd, by bringing that member firſt to 
ſand alone upon one ſide of the equation, 
and then taking away the radical ſign from 
it, and raiſing the other ſide to the power 
denemisgied by the index of that ſurd. 
This operation becomes a neceſſary fiep 
towards the ſolution of an, equation, when 
any of the unknown 2 quantities are under 
the radical ſign. „ Fo 1; Þ 


Example, Tf IVE ity 
| Kad N 1 


* 


l the unknown quantity be found only 
under the radical ſign, and only of the firſt 
dimenſion, the equation will become ſim- 
ple, and may be reſolved by the preceding 
rules. | 


Thus, if 2 12 = 
Then 1 8 
And 4x+16=64 


4 = =48 
And * 


If — 
Then ax - a" 


s fb peat 


If the unknown quantity in a final equa- 


tion has fractional exponents, by means of 
the preceding rules a new equation may be 
ſubſtituted,. in which the exponents of the 
unknown quantity are integers. 

Thus, if * + 3x7 = 10, by reducing the 
ſurds to'the ſame denomination, it becomes 


3 4 | T | 
x *+3x*=10; and if z l, then 2 ＋320 


=10; and if this equation be reſolved, 


„ 


N from 


Att 
„ 


"4 EY ' Ae : F; 4 y * 8 | 
from a value of 2, a value of x may be got 

by the rules of the next chapter. Thus al- 
ſo, if x+2x% —3* = 100, If & a, this 

equation becomes 20 223—32*=100, 


3 
In general, if x? + x * =a, by reducing 
the ſurds to the ſame denomination, x 


== . | 
& Da, and if x” &, then the equation 


is 2 ＋Zz in, in which the exponents of 
2 are integers; and 2 being found, x is to 


1 Fd 
: 


be found from the equation. 


Pg 


1 * N 5 1 5 / 8 k * = 
- a. 2 V 
: P 
* * 
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U uations- were divided into orders ac- 
1 des to the higheſt index of the 
onknown my in any term. (Chap. 
Ul). 


| Equations are either pure or adfeed.. 


Def. 1. A 1 equation is that in which | 
only one gag of the unknown * 
* is found. 


— 


2. "A EIS equation is that in which 
dickem e of yas unknown quantity 


Thus o ＋ax b, ax —6 m n+, Are 
pure equations. 
And * '—ax=bÞ, * + x =17, are adfec- 
ted. ' 


( 160 * 
I. Solution of Pure E 2 8882 


Rule. Make the power f the unknown 
quantity to fland alone, by the rules for- 
merly given, and then extract the root, of 


"The fame denomination, ont of both fider, - 
which will hi the value "off the un- 
known quantity. 


EXAMPLES. 


If AN f ! | ax%—b=mzx"—c 
ax*=b3—a ax"—g"=b—c. 


„„ b—c 


_ | OE .— 
| " WOE 
L JED Pe 
Es a nn 
> $i TI 


The index of the power may alſo be 
fractional; as, in the laſt example, m may 
be any number whatever. Let m f, then, 


as before, 


f 


6 thee | 


2 py 5 


Sometiihes different powers of the un- 
known quantity are found in the equation, 
yet the ſeveral terms may form on one ſide 


a perfect power, of which the root being 


extracted, the equation will become ſimple. 
Thus, if x*—12x +48x=98: It is eaſy 
to obſerve that K — 12K 48—64 = 34, 
forming a complete cube, of which the root 
being extracted, * 934 34. And oy 
+' 34 


AK A r 
To find four continued proportionale, of 
which the ſum of the extremes is 56, and 
the ſum of the means 24. 


To reſolve the queſtion in general terms, 
let the ſum of the extremes be a, the ſum 
of the means 6, and let the difference of the 


extremes be called z, and the difference of 


; ” + 


laſt 
3d added to th 


ee from 


34 + 4 


6th reduced 


Ith ſubſt. bor x 
in 5th :: 


Tranſ. 10 di- 5 2 
| 2 
vide 8th by — [6 n 
| * . 9 223 
* 


1 e 4 E 
* „ * 4 x 


. 
* F:; 2 


4 * 4 


4 
; 6 n 7 
: > \ = * . ** 5 
© g > 
* 


Hence 


Th 7 J 


Coro). 


1 


aa 


erh, „ a 
5 conf = oooh X Paget 


> 2} 


hy; © 


l * 
n . 7% 7. 80h : 8 
: o 1 GAIL} + + 


the four proportionals are 54/18, 


6; '2; and it appears that B muſt not be 
greater than a, otherwiſe the root becomes 
' impoſible, and the problem would alſo be 
impoſſible; which limitation een 
duced allo tons 2 5. V. * Euclid. 


ets 
4} 4 


1. 


tw) 


be l. | Solution of geen Quadratic 2 
tionr. | 


Adfected equations of different orders 
are reſolved by different rules, ſucceſſively 
to be explained. | 

An adfected en equation 3 


1 monly called a quadratic) involves the un- 


known quantity itſelf, and alſo its ſquare: 


3 


It may be reſolved oy the following - 
R . L E. 


1 "des all the terms 3 the un- 
Lnoꝛon quantity to one fide, and the known 
| terms to the other ; and Jo that the term 


containing the fquare 7 the unknown 
quantity may be poſitive, 


2. Tf the ſquare of. the unknown quantity 8 
multiplied by any coefficient, all the terms 
of the equation are to be divided by it, ſo 

| that the coefficient of the Square of the 

known quantity may be 1. 

3. Add to both ſides the ſquare of hal I the 

| coefficient of the unknown quantity itſelf, 

Se | and 


1 


* 


Ci) 


and the fide of the equation * the 
un tnoum quantity will be 4 complete 
ſquare. 

4. Extract the ſquare root TAE both fides 
of the equation, by which it becomes 
ple, and by tranſpoſing the above men- 

_ tioned half coefficient, a value of the un- 

' Inown quantity is obtained in known 
Ferns, and aps aaa the 40 ey ir 46-460 

ved, 


he reaſon of this rule is manifeſt from 
the compoſition of the ſquare of a binomi- 
al, for it conſiſts of the ſquares of the two 
parts, and twice the product of the two 
parts, (Note at the end of Chap. IV.). 
The different forms of quadratic equa= | 
tions, expreſſed in general terms, being re- 
duced by the firſt and ſecond e of the 
rule, are theſe: ö 


: \ 5 _ 


* * 
» 8 — : 
49 * 'þ . T7 7% 
4 e * 
- 2 0 

4 r: 9 * 67 

p 7 > 0 1 N | # * 
3. 


Caſe 1. 


$5 * {E l 
. 
* ps # LS 


Cale 3. 


F - 
CE 
. 4 
£ \ , ag 
Caſe 2. 
* % et 


7 e 5 
of theſe caſes it may be obſerved; f 
1. That if it be ſuppoſed, that the "SA 5 
root of a poſitive quantity may be either 


poſitive or negative, according to the moſt 
extenſive uſe of the ſigns, every quadratic 


.- lin 


dl 
x 
2 
li 
1 
. 
4 


equation 


K of TERS ; 25 
4 1 me \ 
* f 1 5 
* 


1 will have two roots, except ſuch 
of the third form, whoſe roots become! im- 


E 


poſſible. . * 1 * a ; lc. * 


2. It is obvious gutt in "Po two firſt 
forms, one of the roots muſt Tho poſitive, 


and the other negative. © 8 


3: In the third form, ir . —» or r.the ſquare 
of half of the cooflicivne of. the ana 


quantity, be greater than þ*, the known 
quantity, the two roots will be poſitive. 


If 1 be equal to be, the wo roots . be- 


come equal. T8 hp 


But if, in this third caſe, — — is leſs than 
5˙ the quantity under the dies ſign be- ; 


comes negative, and the two roots are 


| therefore impoſſible. This may be eaſily 
ſhewn to ariſe from an Rp on | 


tion in the original equation. 

4. If the equation, however, expreſs the 
: relation of magnitudes abſtractly conſiders 
ed, where a contrariety cannot be ſuppoſed 


to take place; the negative roots cannot be 
of uſe, or rather there are no ſuch roots; 
for then a * quantity by itſelf is un- 


— 


| 


(10) 


iatelligible, and | therefore the ſquare root 
of a poſitive quantity muſt be poſitive only. 
Heace, in the two firſt caſes, there will be 
only one root; but, in the third, there will 
be two. For, in this third caſe, x*—ax= 
E, or ax =, it is obvious that x 
may be either greater or leſs than a, and 
, yet a—x may be poſitive; and hence 
ANN -M may alſo be poſitive, and 
may be equal to a given poſitive quantity 
3 ˙ : therefore the ſquare root of & '—ax+ 
ra may be either x—za, or 4a—x, and 
both theſe quantities alſo poſitive, 


Let then ==, and æ =- 


A Allo, eden EF, 8 * 
and hence * 2 Cary 5 and theſe 


are the fame two poſitive roots as were ob⸗ 
tained by the general rule. 
Ibhe general rule is uſually 8 e- 
ven in queſtions where negative numbers 
cannot take place, and then the negative 
roots of the two firſt forms are neglected. 
ag 41 Sometimes | 


Il 


2 
1 


bl 


_ * 


Sometimes even, only one of the poſitive | 
roots of the third cafe cam be uſed, and the 


| * may be excluded by a particular eon- 


dition/in the queſtion. When an impoſ- 
ſible root ariſes in the ſolution of a queſ- 

tion, which has been reſolved in general 
terms, the neceſſary imitation of the data 
will be diſcovered. CS bs 4 
- When a queſtion can be ctr; i as to 
a pure equation, it is generally to 
de preferred to an adfected. Thus the 
queſtion in the preceding ſeQion, by the 
moſt obvious notation, ein an 


| nden. * 


=] I. Soluti ion 9 Queſtions producing * 
aratic 6 5 


The eaprellion SV, the es of che 
qaefiion by equations, or the ſtating of it, 
and the reduction likewiſe of thefe equa- 
tions; till we arrive at a quadratic equation, 


F involving only one unknown quantity and 


Its ſquare, are effected by the fame rules 
which were given for the folution of ſimple 


* in Chap. III. n 
E xX 


Tr An ip. 


1 4 


e 
21 * 4 MPL * * 
7 
One lays out a certain fam 1 money in Hoodie, 
© which be fold again for L. 24, and gain- 
ed as much per cent. as the goods coft him: 
7 demand what wy 9205 him? 
If is; choney laid out dhe. | | 
The gain will be | 
But this gain is 2 FT 8 VR 
(y:24—y3 100) . 5 a 1 
Therefore by queſtion r 9 
And by mult. and tr. | ;þ*+1009=2400 
Completing the fquare | „„ 
Extr. the root 47 +50===V ag00=70 my 
1 8h===70—50=20, or — 120. 


The anſwer is 20 l. which ſucceeds: 
The other root, —120, has no place in this 
| example, a b nbgative number being here un- 


þ 


Any quadratic equation may be reſolved 
alſo by the general canons at the beginning 


of this ſeQion. 


That atiſing from this 


_ queſtion, (No. 5.), belongs to Caſe I. and 
a=, 7"'= . 5 therefore, 


3 


\ 7607” e Oe; 18 5 
My = +2400 6, or — 20, as (before, 


4 LAS 


EXAMPLE: . . 


— 


IF What tuo iden are boſe, — 4 * 
rence is 15, and balf of whoſe W Th 
1 the cube of the Is _; «hang 


Let the lefler number be | I] 
The eee hy lobe 


Divide by «3nd aan bra] +15=25* 


pt 4th prepared i 
Complete ſquare bay 55 


* * ak ; 4 1 1 1 
Ext. v | 4J 7 = SE-t. 
; s 5 : 4 r 


| man. os 85 8 3, or —L 


The numbers, therefore, are 3 and 18, 
which anſwer the conditions. This is an 
example of Caſe 2d, and the 3 root 

is neglected.” FFT 


EA 5 4 N 
RF 8 ä „ 
we * £ For S # Fo $ 7 x 4 5 . «be - ” *» N „ 
8 * ” : % * 2 
- . * T * 
\ - | 


6 4 


A Toluti6n, indeed, may be repreſented 


| 4 
| by means ef the negative root —Z; for 


a, 1 


2 they the canker number i is (wc 15 * 


J . And * X 9 is equal to 


the FS 2 EL Such 2 folution, chough | 


uſeleſs, and E... abſurd, it is plain muſt 
correſpond to the conditions, if thoſe rules 
with regard to the ſigns be uſed in the ap- 
plication of it, by which it was itſelf dedu- 
ced. The ſame obſervation may be exten- 


ded even to impoſſible roots, which being 

aſſumed as the anſwer of a queſtion, muſt, 
by reverſing the ſteps of the inveſtigation, 

| eorreſpond to the original equations, by © 


which the conditions of that * were 
N | 


EX LAME L r 1 9 


To + find to two Se whoſe um is non; and 
0 ** product is 20 59 ; 5 


* 


Let the given ſum loo, the product 
2059-5 and let one of the numbers ſought 
be x, the other will be a -*. Their pro- 


duet ic a.. Jer ern qo 50 a5: 


Therefore by queſtion 1963 | 
Gas he 25 17 


Eatr, v/ 


Y ? 2 "I. a ; 8 88 F 1 ; : 2 1 " 21 4 9 oF 'F- n * 5 ; ; þ , 
"Ip £ „ —— þ 
5 ” / : : 3 * 5 % g y 
By inſerting numbers, #==71 or 29, and 
By inſerting rs, #==71 or 29, and 
9 


4 c 29 or 71, fo chat the two hs waa 


ſought are 71 and 29. 


— 


Here it is to be . chat b muſt not 


43 | 
be greater than yY elſe the roots of the e- 


quation would be impoſſible; J that 1s, the 
given product muſt not be greater than the 
ſquare of half the given ſum of the num- 
bers ſought. This limitation can eaſily be 
mern from other principles; for, the great- 


eſt — Wan of two * into which 
any 


| any. number may. be divided, is when each 
of them i is a half 8 it. If b be equal to 


TOs is 7a one e ſolution, * EET 


* 2 
L F3* þ 


8 4 


7, ha are Je three numbers i in «erties geone- 
 trical proportion : : The fum of the frft 
and ſecond i is 10, and the 45 Ference of the 
"ng! and bird is 24. bad e _— 


a x 1 
Tranſp. e 
** 8 3 
5... F. a 7 b f 


. thigh Ns are two poſitive roots 
in this equation, yet only one of them tan 


4 wi 


7 2 


r 


2 


7 


Ku 


att =25s 1 2. 


EXAMPLE. 3 


HIROCYS 1 NY 1 ' 2 15 

Let the firſt be g 2 
The ſecbnd will be 20 —˙·ͤm 
And the third 3134—2Z | | 
Since 2: r 4. n ae 1 4 Peach 
Tranſp. 52 — 54 —1⁰⏑ 7 
Divid. | 6%. ee, ,Þ : 

480 33 I 1 "TT AN 277 Sr 

| Compl. the — | [.l. 275 +27 | I 879 co 529. 2. 
1 1 * 10 E 


here 


9 


2 
— 


n 


9 
2 eee eee IG WP. e — n 


. "OY We" "A 
— 


| 0 


here be of uſe, the other being excluded by 
a condition in the queſtion, For, as the 


ſum of the firſt and ſecond is 10, 25 cannot 
be one of them: 2 therefore is the firſt, 


and the proportionals will be 2, 8, a 

This reſtriction will alſo appear from the 
explanation given of the. third form, to 
which this be rr belongs, For 2 may 


be lefs thanZ ON _but, from the firſt condition 


of the- and; it cannot te pl * hence 
can have uy 


the quantity a 2” 


one ſquare root, rr and this being 


529 . 
put equal to 85 4 we have by tranſpo= 
fition 2=2 —2=a, which gives the only. 


Juſt ſolution of the queſtion, 

From the other root, indeed, a ſolution of 

the queſtion may be repreſented by means 

of a negative quantity. If che firſt then be 

2 5. the three proportionals will be 25,—15, 
Theſe alſo muſt anſwer the conditions, 


| Worin to che rules given for negative 
quan- 


— 


( 3375 ) 


quantities, though ſuch a ſolution has no 
proper meaning. 
Beſides, it is to be obſerved; het if the 
following queſtion be propoſed, to find 
© three numbers in geometrical proportion, ſo 
© that the difference of the 1ſt and ad may 
be 10, and the ſum of the 2d and zd may 
© be 24?” The equation in ſtep 6th will be 
produced : For, if the 1ſt be 2, the 2d is 
2—10, and the 3d 34—2, and therefore 
342—2*=2*—202+ 100, the very ſame e- 
quation as in ſtep th. In this queſtion, it 
is plain that the root 25 only can be uſeful, 
and the three proportionals are 25, 15, 9. 
But the neceſſary limitations of ſuch a 
problem are properly to be derived from a 
general notation. Let the ſum of the two 
firſt proportionals be a, and the difference 
of the two laſt b. If a is not greater than 
B, the firſt term muſt be the leaſt ; but, if 
a be greater than 5, the firſt term may be 
either the greateſt or the leaſt. 
When the firſt term is the leaſt, the TY 
per notation of the three terms is 2, a—z, 
a 


#4 


Ae and che  <quation, when ordered, : 


5. . 
is r If the firſt term, be 


greateſt, and 3 a is greater chan b, the * 
Notation of the terms is z, az, ab, 
oy OE n Aon is, RE "= 


Z=— 


"of the firſt of theſe equations i it may be 
obſerved, that, whateyer be the value of 4 


and 5, the. quare of Its, VIZ. of half the 


| coefficient of Z, is greater 452 and there- 


fore the roots are always poſſible. If the 
r be completed, and the roots extrac- 


ted, | they become SEW 4 — == EL ne if 
K rn gt nes 


Bur! in this 


N 2 is che leaſt af the three terms, and 


therefore 4 is greater than 22, or —is great- 


er than 23 much more then = greater 


* 


| than = +5 ; and therefore the ſecond root only . 
can. 


4 © 


2 
7 Fs 3.0 
8 * 
114 "i 
( 2 ) 
* 


can, - admitted, and — 85 . E ” 


is the only proper ſolution. 1 b 
In the — equation, ſince a: is: greater 


than 5, — * muſt be always poſitive, and 


| ebe the equation is neceſſarily of the 
third form. But the roots are OO 


only when 1 is not leſs than 22 that 


is, when 44 i is not leſs than Gab, or 


when a—b is not leſs than 2 %a. When 
the roots are poſſible, 2 007 be either "_ 


| 3a—b 
| er or leſs chan, and hence each root 


| gives a proper alution.; ; therefore, 282 
— — = | wo. ie atk» 
* 33 

Let 42 40. and * T e rt 
term in this caſe may be ed either as 
the greateſt or the leaſt. And, firſt, if 2 be 

the greateſt, the roots of the equation will 

' be poſlible, ſince (+=) I026 is greater | 
than (6ab =) 1440. The two values of 2 
A 32 and 2 oy and the proportionals are 
Either 32, 8, 25 or 25, 15, 9. 2dly, If 2 
wy be 


0 118 | 


8 be aſſumed the leaſt of the proportionale, 
the two roots of the equation are poſlible, 
but one of them only can be applied, which 
is 17.635 nearly, and the three proportion- 
als are 17.635, 22. 365, and 28.365, nearly, 
the roots of the equation being incommen- 
Turate. oa „ . 
In like manner, may the limitations of 
the other Jen, above mentioned be e al | 


| certained, - 


Though — ds 2" Wei have 
been ſo contrived that the anſwers may be 
integers, yet in practice it will moſt com- 
monly happen that they muſt be ſurds. 
When in any queſtion. the root of a num- 
ber which is not a perfect ſquare is to be 
extracted, it may be continued in decimals, 
by the common arithmetical rule, to any 
degree of accuracy which the nature of the i 

| * may require. 


* . 
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An equation, in the terms of which” two 
powers only of the unknown quantity are 
found, and ſuch that the index of the one 
is double that of the other, may, by the 
preceding rules, be reduced to a pure equa- 
tion, and therefore may be reſolved by 
Sec. I. of this Chapter. | 


Such an equation may generally | be 1 re- 
preſented thus, a | 
5 5 ax" = = l- 
Let 3 ar, chen 55 l 


3 S dn ac bc $ 


And * Sn N Fas 
| Therefore X= =: = - 255 e 


EXAMPLE Xv. 


8 


* 


7 find two numbers, 7 which-the produft 
1s 100, and the di — 7 ** Square 
r 3. 


Let 


A 
Let the leſs be x, 
3 the greater 1. is 
4.8 
By 1 1 
: * J . ws 
k * 9 
K i 5 
Cunt 2 
9 * 
SEO 3 0 
+ . 1 
* * * 
* Mo 2 
3 I 
* 
pd 2 q 


+ 


to be the leaſt. 15 chi- ical x * 

negative root of the ec dae f 

plied, according to the rules for negative 
; quantities, gives a poſitive anſwer to the 
queſti 5.4 and if x=25, the other number 


is 4+ A | 
The 8 would = been got, by fube 7 
Rituting i in the general theorem m, a= 3. 
and b 10; or, if the leſs number had 
been called x*, the equation would not 
have had fractional exponents. : 


. A 5 


— 
p 1 x : 
no: A 
„ 
[1 "3 
2 # % 
* 
— 1 it A * \ "© «TS "NY 
5 * 4 4 1-43 + as 43% 
; 4 N 1 A 
pda G Uf K f. vr 
8 ? 0 2 . \ . F 
KP 
; e 
N 3971 11 : 8 bs 
e alleen Problems. . . 
2 4 
7 12 1121 


44 r 0 F 
« 3 


: IT: was. en nn (Chap, U 
that if there are more unknown quan- 
duties in a queſtion, than equations by 
which their relations are expreſſed, it is 
indetermined; or it may admit of an infi- 
nite number of anſwers. Other circum- 
ſtances, however, may limit the number in 
a certain manner; and theſe are various, 
according to the nature of the. problem. 
The contrivances by which ſuch problems 
are reſolved are ſo very different in differ- 
ent caſes, that they cannot be comprehend- 
ed in general. rules. 


"ot 


6 
EXAMPLE I. 


To divide a given ſquare number into two 


parts, each of which ſball be a ſquare 
number. ET nts | 


©, 


There are two quantities ſought 3 in x this 
queſtion, and there is only one equation 
expreſſing their relation; but it is required 
alſo, that they may be rational, which cir- 
cumſtance cannot be expreſſed by an equa- 
tion ; another condition therefore muſt be 
aſſumed in fuch- a manner as * nn 
ſolution in rational numbers. doi 

Let the given ſquare he a“, Fong of the 
93 fought be K*, the other is a*—x?, 
Let ræ—a alſo be a fide of che laſt ſquare; 
therefore erna =af——x? 
By tranſßo. n N rA 
Divide by x FE 1 u - ara 


2734 | on — 1 4 Ng - 
And 1x a T —— ä 2 i 8 


Let 7 therefore, be aſſumed. at pleaſure, 
and 


1 . * 
25 1 24 


| and 2 ha, which muſt © Jie be 


+1 "+ I 
rational, will be the ſides of the two o ſquares 
nn 


> Thus, if a*= too. Thaw, if, r=3, the 
ſides, of the two ſquares are 6 and 8, fot 


3664 100. 
Alſo, let a: 6 1 Then, if / 7a, the hides 
of the en are g and 7 3 1 N 


5 


The reaſon of the added of = 
as a ſide of the ſquare a -*, is that being 
ſquared and put equal to this Taft, the e- 
: quation manifeſtiy will be ſimple; and the 
root of ſuch an equation is always rational, 


'EXAMPLE I. 


7 » find two, gert numbers whoſe 22 


WT; given. — 


** 


Let 5 


— 


1 2 5 * f . 
” : * 
6 
£ W * N * . , 
* ns nd, F : S 


and @ their difference.” BEES 8 


* N 2 EW 
Put 5 —— . 


* ＋ 22 ? %% 11 


my 4 5 L = 
* as — 2 * * 
1 6 +2: * * 1 ka — 8 „ 
„ 8 es \ * 44% . Me” * 1 r as 
> 0 
KG ; 
2 72 — | Ow OT: | ts $1 
3 3 a 5 3 + . * 8 8 
2 .—2 8 PI) $96 MO ß 
df *..2 Yup FX x was” & as 2. * n 
* Y 
* 4 


"es 1 
"ES eee in fag 
"If % and'y are required only to Ws ra- 
tional, then take 1 at pleaſure, and 22 
whence * and are known. le 5 4 NM 


But, if x and * are required to "a whole 
numbers, Take for 2 and v any two factors 


* rt] a, and. are both even or both 


as  cither an odd number greater EY I, or 


a number divifible by 4. Then . and == = 


are the numbers fought. 


for the produdt of ewo-odil numbers is 
odd, and that of two even numbers is di- 
"viſible by 4. Alſo, if 2 and v are both 
odd, 


> 0% 


8 1 


7 5 57 xt 
e — 
i te r 3 | ; 
ger * ts * # | g i Tu ll — 
* * „ , * 


wn of ; * $a : * 4 : 8 
7 {4638 4 1 * 4 - A #45 


Ex. 1. If a=27 47 By vl, then * 
27 and the ſquares are 196 and 169: or 
2 may be 9 4 3, and then the auge 


are 36 and 9. te ee 
2. If a=12, 4 n and 285 An 
_ e N we! 16 and Re TORS 


*. 3 


on +3 : 4 
; 'E M P | 

5 R 4 1 E 0. 3 

. oy 8 1 $45 * „ * 4 * 2 „ 


To 1 7 a um 97 money in pounds and bil. 
Tings, whoſe Daly s 10 Jul. ts De " 


| Note. The reviccy of a fam of money, as 
$1. 125. is 12 J. 86. 


Let x be he pounds, and y the ſhillings. 
The ſum required is 20x+y 
N Its reverſe 18 20 & 


Therefore a0 Ee . 6 
20x =407 2x 
18x= 397 
"13%: (39: i838} 2x3: 6: 


Ia: 


ln die n | 
quantities; and, in general, any two num- 
bers of which the 1 is that of 13 
I will agree to tg 
But, from the nature of the queſtion, 13 
and 6 are che only two that can give the 
proper anſwer, viz. 13 l. 6 8. for irs reverſe 
61 138, is juſt i ei e 1 in 
Ihe ratio of x and is expreſſed in the 
loweſt ere terms by 13 and 63 any o- 
preffion of it, as the next greater 26 
— 12, will Not ſatisfy the Problem, as 
; 121, 265 8. 18 not a proper notation ol mo- 
= in pounds a * ce 


Kot 
* — 
+ 


* 
* 


2 J 9 , 
* - pf 
gl 
L * 1 * } 
Tet H A, P. VII. * | 
: 10 ' 1 
4 8 met 20 7 5 OYTS 
, 1 1 2 
. a1 4 15. 145 1 * ] 1 'F WIT 5 N 
22 f 7 heorems & TY 
* 
f : ; : $4 # % Pe 5 : © 


LGEBRA may be employed for the 

demonſtration of Theorems, with 
regard to all thoſe quantities concerning 
which it may be uſed as an analyſis, and 
from the general method of notation and 
reaſoning, it poſſeſſes the ſame advantages 
in the one as in the other. The three firſt 
ſections of this Chapter contain ſome of the 
moſt ſimple properties of /er:cs which are 
of frequent uſe; and the laſt, miſcellaneous | 
examples of the properties of e 
quantities and numbers, 


— 
0 


(uw) 


I, Of Arithmetical Series. 


Def. When a number of quantities in- 
creaſe or decreaſe by the ſame common dif- 
e, they form an Arithmetical Series. 


Thus, a, 4405 4 ab, a+ 3b, Sc. * x=b, 
4 X—26, "Ac. "= | * a | 

Alſo, I, 2, 3» 4, 5, 6, „ and 8, 6, 4, 2, 
J . f * : 


| Fr In an 1 mis een! 50 the fam : 

oy] the firſt and laſt terms is equal to the 
ſum of any two intermediate __ 9 

| diſtant from che e extremes. 1 o: 


Let the firſt term 575 a, the laſt , mop U 
the common difference ; then a+b will be 
the ſecond, and x—b the laſt but one, &e. 


Thus, a, 1 a5. a+36, a+46, &c 
x, x6, x—2b, x—3b, x—4b,,&c. 
It is plain, that the terms in'the ſame 
perpendicular rank are equally diſtant from 
on” the 


6109 
the extremes, and that the ſum of any two 
in it is as, the ſum of the firſt and laſt. 5 


or. 1. Heek the form of all the terms 
of an arithmetical ſeries is equal to the ſum 
of the firſt and laſt, faken half” as Venen! as 
15 chere! e 
Therefore, if n be the number of terms, 


| and 5 the ſum of the ſeries ; j 3 


ac 


| If a=o, then eee = 


Cor. 2. The ſame notation being under- 
ſtood, ſince any tetm in the ſeries conſiſts 
of a, the firſt term, together with b taken 
as often as the number of terms preceding 
it, it follows that e X65, and 


* 3 


hence f Kb 7 8 or by multi- 


| 200+ 1% —nb 
plication, = 8 Therefore, from 


the firſt term, the common difference, and 
number of terms being given, the ſum __ 
be found. | 


Ex. Required the ſum of 801 terms of 
the ſeries 2, 4, 6, 8, . | 


ch. 


61300 ; 
esel Keb Sees 2686. 7 
. 3 


- Cor. 3. Of the firſt term, common. ait 
3 ſum and number of terms, any 
| fhree being given, the fourth may be found 
_ by reſolving the preceding equation; 4, G, 

4, and being ſueceſſively conſidered as the 
unknown quantity, In the three firſt ca- 


ſes the equation 18 imple, and in the laſt it 


is quadratie. 


or ; . - « oi 2 UT 

J%b DM ND Yes ory GARE 0 IE, $54 , 1 
> R _ þ k ' * i x 2 

4 F 4 * r p ea 3 


: Hoe Geom * cal e e 


2 8 
1 et | 5 A z 1 I : 8 8 5 Mo 


Def. When a n af devi? 
emacs by the ſame multiplier, or decreaſe 
by the ſame diviſor, they form a- Geometri- | 


cal Series. This common multiplier or - 


viſor is b palled the common ratio. 
e 


* 


| FY. 
Thus a, ar, ar* , &e, FR 


My 25 4, 8, e. e 7 8 2 e oO 


/ 


Prop. I. The product of the extremes 


L in 2 geometrical ſeries is equal to the pro- 


duc 


\ 


%%%%FÜͤĩ¾ ùðU 
duct of any two terms, ee from 
the extremes. 


Let a be. the firſt term, » thi lf 1 che 
comtnon ratio; then the ſeries i 4 ROE 


a, ar, ar, ar), an ge. n 


018 COTE 2 2 2 a. | | 

is is obvious that any term in the upper 
nk is equally, diſtant from the beginning, 
as that below it from the end; and the 
product of any two ſuch is equal to ar, the 
5) of the firſt and laſt. 


_ Prop. U. The * 8 a Samen ſeries 
wanting the firſt term, is equal to the ſum 
of all but the laſt term, 52 by the 
common ratio. : Sis . 


F * EX. * "44 % 1 A * 5 % 
Jo duo ch 55 ; 9 . * 


For, ulſbming the breed botation of 
| fries it is TO that” Tor oo 


Yr: ba, ar), b. 24443! WEIL: 325 += 
eker ber, &e, . +5 4 + WHT, 


$68 
+ Þ 4 #5, 


Cor. T7 Therefore, being | 


ries, The: e e Yak 


4 : 1 y 4. . 
8 FIE Su 3% 2 


2 


D. | And — foam] need . 


Hence s can be e "fan a, , WT 1; 
ol any three of the four ge Þ n, the 
e may be found. 


_ , Cor. 2. Since the exponent of r in any 
term is equal to the number of terms pre- 
ceding'i it; hence, in the laſt - term, its expo- 
nent Wil be n—1 ; the laſt term, therefore 


xo Favs 


— . — 
o ar- „ and eo, ENS Sd Hence 
45 Lo 
+5717 C2992 7 


of thele four, ty * 7, u, any three being 
| given, the fourth may be found by the ſo- 
lution of equations. If n is not a {mall 
number, the caſes of this problem will be 
moſt conveniently. ſolved, by togarithms ; 3 
and of ſuch ſolutions there are examples in 


the Appendix t to this part, 
Cor. 3. I the ſeries deereaſes, nd the 


number of terms is infinite, then according 
to this notation, a, the leaſt term, will be o, 


and s == a finite ſum. 


3323 


Ex. 


N 
( 133 ) 
Er. Required the ſom of the ſeries s 7) | 
1 at's, Se; to infinity. 40) DRWILIZ2 2» 
Here J=1, and ee. | Therefore x = 


10 * $75 If 79 . 1 10 "©; % F 


1X2. 5 88 3 
— J a 13 d * o 4 *, N * * 7 A; w 5 & 4 2 * . 6 " ©% 21 * 
8 1 8 A 4 - 1 4 1 1 

2— 5 Kt 


© Wie are called i in athgeie, repeating 
and circulating decimals, are truly geome- 
; 05 'decreaſir ing ſerieſes, and therefore; ma Ly | 


DE bs ye this rule, 


„ *%w 


2 TY 
LS & "Yo 


Thus 333, Ke. =2+2- 1+ &c. i is a ge- f 


a ſeries | in n which J== and r= 10, 


— 


X10 © 
| 2 r 3 2 
therefore 428 Foro” N Eg 


Thus alfo 2424, ce. 3 , for ere, Ln 


= hb r refore 5 — 5 
OY 8 To 2000 there = 
03 21901 al | } 22 

24 $S 


| JEN * 

oO a 
1 4 5 4 4 » * 8 Fu 1 * 
* - * g 4+ 2.4 


. Of In br finite Series. 


* was . (Chap: i ond IV.) chat 
in many caſes, if the divinon and evolution 
of compound quantities be actually per- 
formed, 


— 


5 


formed, the quotients and rogts can, only 
de expreſſed by the ſeries; of terms, which 
may be continued ad znfinitum... By com- 
paring a few of the firſt terms, the law of 
the progreſſion of ſuch a ſeries will fre- 
quently be diſcovered, by which, it may be 


continued without any further operation. 
When tbis cannot be done, the work i is 


| | mh! facilitated by ſeveral methods ; ;. the 


1.5 
chief of which 1 is that by the binomial. the 


ore ee. CI ; 


- 
: 
A 

322 * 
- 


. ” , by 3 F Y "LT SS: . 
„ ov woes 5 5, 8 oe * n 122 | | Jane 
4 1 4 4 3 q 4 p $4 * : 4 3 ** 
EIT LIB 1 2 LOS OL nne 


"Mw a 165 246) may be raiſes to 
= power (m) by the following rules. 


1. From inſpecting a table of the powers | 
of a binomial obtained by/ multiplication, - 
It appears that the terms, without their co- 


efficient are a” „ 2 1, 9 ", dee 


2. The TOY EA a Ke. terms will be | 
found by the ee rule. — +: 


1 


— 5 | 


( 135 0 


Divide the exponent of a in any term by tbe 


_ "exponent / b increaſed by 1, and the quo- 
tient multiphed by the coefficient* of that 


term will give the coefficient / oh the next 


wi . . 


This rule is found upon trial in the table 


of powers, to hold univerſally. The coef- 
ficient of the firſt term is always 1; and by 
applying the. general rule now propoſed, 


the coefficients of the terms in order will be 


as follows; T u, MX = mx = . 


GC. They may 'be more conveniently ex- 


| preſſed W I, Am, BX C 


UN 3 the capitals denoting the 


W 6 Hence a+ =2 ws 


m—2 


Ana B = x4" *b%+C * 


ap, &c. This is the celebrated bᷣinomi. 


ol theorem. It is deduced here by indue- 
tion only, but it may be rigidly demon- 
ſtrated, though upon principles which do 
not belong to this place. 


Ix 


Cor., 


1 636) 
=. ... "Cor. 1. As m may denote any number 
3 N . 


I integral or fractional, poſitive or negative; 

hace the diviſion, involution and evolution 
of a binomial, may be e 15 this | 

theorem. OS CITE 

©; .. . Let m =I, then a TH =a" + *+ 

zÞ; K AN h *, Kc. 1 

1 applied to the extraction of the ſquare 

root of a , (by inſerting a* for a and ** 

for b) the ame ſeries reſults as formerly. 

(Chap. IV.). 3 


4 Ex. 2, 2, 41 — is to be turned 1 into an 


N 


1 
infinite N ſince 5— Tr =1 ter 


=1, br, and m=—1 ; and the = 
ſeries will ariſe as was obtained: by. diviſion. 


4 (Chap, F 


. In like manner, = = 7 X2r2a—2* | 
CNT. may be expreſſed by an infinite ſeries, 
| - ſuppoſing a=2r2, b=—2?, and m —2, 

and then multiplying og ſeries by 75. 5 

I Gor. 


/ 
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Cor. a. This theorem is uſeful allo in 
diſcovering the /aw of an infinite ſeries, 
produced by diviſion or evolution. Thus, 
the ſeries expreſſing the ſquare root of a 
*, conſiſts of a, together with a ſeries of 
fractions, in the numeérators of which are 
the even powers of æ, and in the denomi- 
nators the odd powers of a, The nume- 
ral coefficients of the terms of the whole 
| . as deduced by the theorem, will be: 


* 


4 8 = 227 ©, 2:2-2X1-2-7* 
IXI. 3. 8 


» &c, the point being uſed (as 


252% 7 EXERT 


it often is) to expreſs the product of the 


5 numbers between which it is placed. The 
law of continuation is obvious, and the ſe- 
ries may be carried on to any number of 
terms, without uſing the theorem. Hence, 
alſo the coefficient of the nth term is 


IX I &c. n—-2 terms 
_ oh N zend it is +, if a 


4 1. 2. ; 7 (n—1) 
is an even. number, and —, if n is. odd, 
Note, If the binomial is ab, the abs 
of the terms of any power are all poſitive: 
If it is a—6, the alternate terms are nega- 
925 | 8 ü ve, 


60255 


tive, beginning at the en This theo- 
rem may be applied to quantities which 
conſiſt of more than two parts, by ſuppo- 
| fing th em diſtinguiſhed into two, and then 
fupſtituting for the powers of theſe, com- 
pound parts, their values, to be obtained 
= if, 3 Fram: the RET: * 


en 


5 


„ An 33 ſeries may itſelf be myltiglied 
or r divided by another ; it may be involved 
or evolved, and various: other operations 
may be performed upon it which are ne- 

ceſſary in the higher parts of algebra. The 
methods for finding the Tum en upon | 


þ 73 we PE (4 


other principles: . 11 


IV. Properties 7 Nambers.. Al 


| Ibo; I. The ſum of- two quantities 
multiplied by their difference is ae the 
— aa WHOS ET 16 


\ 


Let 


( 139) 
Let the quantities be repreſented by 4 a 


and 3, then aÞ+b * a—b=a , as ap- 
"ne 5 eee _ operation. E 19 


4 eI8 2 12 


Con. 1f a and f 1 any two quangicies 
of which the ſum may be denoted by , the 
difference by d, and their product by p, 
then the following propoſitions will be true. 


I. „* 1 — 25. n 2. id. 
3. a 55%—3pe. 4. a b -b. 


It 18 ; unneceſſary to expreſs theſe propo- 
ſitions in words, and the demonſtrations 
are very eaſy, by raiſing a+b to certain 
powers, and making proper ſubſtitutions. | 


Turok. II. The ſum of any number 
of terms (n) of the odd numbers I, 3. $1 
| &e. beginning with 1, is equal to the ſquare 
of that number (#). | 


110 the Sy ſos en an ann 


fries let a5 1,6=2, and n and the ſym 
| gl 


SEA 


Kess | 


of this ſeries will be's 7 ants 


1 
Tizon. III. The Agerenee ** ati two 
ſquare numbers is equal to the ſum of the 
two roots, together with twice the ſum of 
the numbers in the nn ä denen 
the two roots. 1. 
Let the one number be P, and 45 other 
| p+n, he intermediate numbers are p+Þ+1, 
ph. « &c. p+n—1. The difference 
of the ſquares of the given numbers is 
25-3 ; the ſum of the two roots is 2p+n, 


and twice the ſum of, the ſeries pÞ+1 I +p+2 
4 5 Cee. PT! is (by Cor. 1 1. Iſt ſect. of 
this chap. ) 25= 25 EN -i, viz. the ſum 
of the firſt and laſt multiplied by the num 
ber of terms, and it is plain that 2p+n+ 
25 En i apn Hus. Therefore, &. 


LEM 1. Let 1 be any number, and u 


_ integer, r'—1 is diviſible by r. 


The quotient will be pp, Kc. till 
the index of r be o, and then the laſt term 


of 


( 
of it will be 1; for, if this ſeries be mull | 
plied by the diviſor r—1, it vill produce 
the dividend 1-1. It will appear 4115 by 
performing the diviſion, : and | inſerting oe n 
| any uumbef. l * 


Lax. 2. Let r be any number, and a a- 
ny integer odd number, is diviſible 
by'r-F1. Alſo, if u is any even number, 
r is diviſible by r -I. ; 

The quotient in both caſes is -.. 
+1553, &c. till the exponent of r be o, 


and the laſt-term r*=1, If this ſeries con- 


ſiſt of an odd number of terms; and be 
multiplied by r- I the diviſor, the product 
is „i the dividend. If the ſeries con- 
ſiſt of an even number of terms, the pro- 
duct is I; but it is plain that the num- 

ber of terms will be odd only when u is 
| odd, and even only when n is even. The 
_ concluſion: will be manifeſt by performing 
the diviſion. 


Law: 4 If ris the root Led an arithme- 
tical ſcale, ; any number in that ſcale may be | 


xepreſented 1 in the following ek a, b,c, 


&c. 


(-142)) 
c. being the coefficients or digits, . 
ee e — ö n 


v nen; IW. 1f _ any hs, in 
the general ſcale now deſcribed, the ſum of 
its digits be ſubtracted, the remainder is 


diviſible by nus. en 1 E 1 


The aumber is . fs 
gr the ſum of the digits is are, 
&c. Subtracting the latter from the for- 
mer, the remainder is br -b+cr*—c4-dr 
Sc. But (by Lem. 1.) 1 is diviſible by 
r=—1, whatever integer number u may be, 
and therefore any multiple of r*—r is alſo 
diviſible by —1. Hence each of the 
terms, BCI c =I, &c. is diviſible 
by r—1:; and therefore the Runs is divi- 
fible by r=—1, | pal 
Cor. I. Any number, the 5 of whoſe 
digits is diviſible by r—1, is itſelf diviſtble 
by r—1, Let the number be called N, and 
the ſum of the digits D; then, by this Prop- 


V is diviſible 175 ae and Di is ſup- 
poſed 


( 1693) 
holes to be diviſible by 1; therefore it 
is plain that N muſt alſo be nee 
| Rome e bd | * 


Con. 2. Any number, FE, 1 of whoſe 
digits i is diviſible by an aliquot part of 7—1, 
is alſo diviſible by that aliquot part. For, 
let N and D denote as before ; and ſince 
N—D (Theor. 4) is diviſible by I it 
is alſo diviſible by an aliquot part of r—1 ; ; 
but D is diviſible by an aliquot part of, 
therefore N is allo diviſible 2 that Urn 
part. 8 
Cor. 3. This had with the NEU! "bo 
ries, relates to any ſcale whatever. It in- 
| cludes therefore the well known property 
of g, and of z its aliquot part, in the decimal 
ſcale ; ; E ſince 2 105 11 29. 


'THEeoOR. v. In any kacdes if from the 
ſam of the coefficients of the odd powers of 
5 the ſum of the coefficients of the even 
powers be ſubtracted, and the remainder 
added to the number itſelf, the ſum will 
de diviſible by gion 


In 


"9 2 Bo 


In the number a+br+orf+ dr ger. 
Ir, &c. the ſum of the coefficients of the odd 
powers of r is b+d+f, &c. the ſum of 
the coefficients of the even powers of r is 
| a che, &c. If the latter ſum be ſubtrac- 
ted from the former, and the remainder add- 
ed to the given number, it makes br b. 
Seer, H ecke. = =bX 
r+ FIT ix 7 ＋ TN = 1 + 
fx +1, &c. But (by Lem. 2 1 r+ 1,rt —1, 
5 ＋1, Kc. are each diviſible by K Ls. and 
therefore any multiples of them are alſo, di- 
viſible by l, hence the ꝓhole number 
is diviſible by r+1,, 185 | 
Cor. 1. If the difference of the fa. of 
the even digits, and the ſum of the odd di- 
gits of any number be diviſible by r+ I, 
the number itſelf is diviſible by r+1. 
Let the fum of the even digits (chat is, 
| the” coefficients of the odd powers of 7) be 
D, the ſum. of the odd digits be 4, and let 
the number be V. Then, by the theorem, 
NAD. is diviſible by r+1, and it is 
ſuppoſed that D- is diviſible by r+1; 
therefore I is diviſible by 7 +1, 


. Cor. 


= 145 


Cox. 2. In like manner, if D—g is divi- 
able by an aliquot part of 7 +1, N will ve 
_ divifible by that aliquot part. 

Cor. 3. If a number want all the add 


powers of r, or if it want all the even 


powers of r, and if the ſum of its digits be 
diviſible by r-+1, that number is diviſible 
by r+1, | 

Cor. 4. In the common ſeals r+1=11, 
which therefore will have the properties 
mentioned in this theorem, and the corol- 


laries. Thus, in the number 64834, the 
ſum of the even digits is 7, the ſum of the 


odd digits is 18, and the difference is 11, a 

number diviſible by 11, the given number 
| therefore (Cor. 1.) is diviſible by 11. Thus 
alſo, the ſum of the digits of 7040308 is 
diviſible by 11, and therefore the number 
3s diviſible by 11, (Cor. 3) 


SCHOLIUM. 


Theſe theorems relate to any ſcale what- 


ever, and therefore the properties of —1 
T in 


3 
F 


( #46 ) 
in Theor. 4. would in a ſcale of eight. be- 
long to ſeven, 'and thoſe in Theor, 5. to 
nine, If twelve was the root of the ſcale, 


the former properties would belong to tle 
ven, and _ latter to ene | 


{ 4 


EN. 


LOGE BRA may be employed in ex- 
preſſing the relations of magnitude 

in general, and in reaſoning with regard to 
them. It may be uſed in deducing not on- 
ly the relations of number, but alſs thoſe 
of extenſion, and hence thoſe of every ſpe- 
cies of quantity expreſſible by numbers or 
extended magnitudes. In this Appendix 
are mentioned ſome examples of its appli- 
cation to other parts of mathematics, to 
phyſics, and to the practical calculations of 
buſineſs. The principles and ſuppoſitions 


peculiar to theſe ſubjects, which are neceſ— 


ſary in directing both the algebraical ope- 
rations, and the concluſions to be drawn 
from them, are here aſſumed as juſt and 


proper. 
I, 
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Algebra lias beth ſueteſsfülly applied to 
almoſt every branch of mathematics; and 
the principles of theſe branches are often 
advantageouſly introduced i igto algebraical 
calculations. 

The application of i it to geometry has been 
the ſource of great improvements in both 
theſe ſciences. On account of its extent 
| and importance, it is here omitted, and the 
principles of it are more particularly ex- 
plained i in the third part of thefe elements. 
z In this Place ſhall be given an example 
of the uſe of logarithms 1 in n alge- 
Þraical queſtions. 3 
. Note, When logarithms ; are e uſed, let (7, ) 
denote the logarithm of any quantity before 
which it is placed. 


Ex. To find the number of caring" 5 a geome- 
trical. ſeries, of which the. ſum is 511, 
the forft term 1, and the common ratio 2. 


From Sect. 2. Chap. 6. it appears that 


Fn ng WE. ; and i in this problem, 45 5 and a 
7 


are 


649) 


re given, and n is to be und By redu- 


cing the equation, e and from 


the known property of W n Xlr 
— 
Li xXr—' 4214 

L | tr 4 
But here 4=51'1, ar, ra, and n= 


2812. 2. 7092700 5 
'T.2 © 0.3010300 9. 


— — 
ls * T—1I＋4 -a, and n= 


In like manner, may any ſuch equation 
be reſolved, when the only unknown 
quantity is an exponent, and when it is the 
exponent only of one quantity. 

Ex. 2. An equation of the following 
quadratic form a*+2ba*= +6 may be re- 
| ſolved by logarithms. 1ſt, By ſcholium of 
chap. 5. 4. = b Þ=c. And then x 
is diſcovered in the ſame manner as in the 
preceding example. Thus, let a=2, b=16, 
and c= 96, and the equation 2*—20% 25 


2296. | iſt, 25 104 = 12 or 8. If 


n 1 fe and 2%—20 K 2 2 


s is a true equation. If 2"=12, then 


e 1.791812 
9 © 0.3010300 


=3; S840 and this num- 


ber 
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ber being inſerted. for æ in the given equa- 
tion, by means of Ane, will anſwer 
the conditions, 

Ex. 3+ The ſum of 20001. has been out 
at. intereſt for a certain time, and 500 l. 
has been at intereſt double of that time, the 
whole arrear now due reckoning 4 per cent, 
compound intereſt, is 600 l. What were 
the times ? nut 
By the rules in the third beit of this ap- 
pendix fot compound intereſt, it is plain 
that if R=1,04, and the time at which the 
2000 l. is at intereſt be x, the arrear of it 
will be 200 & R. The arreat of the 
500 J. is 500% R, hence 508XR# +2000 
| TT ONE? This reſolved gives , 


and x 28 67 +, nearly, that 1 17 


years ms 8 months nearly, and the double 
is 35 years and 4 e ; Which anſwer 
the conditions. THT . 65 


II. Application of Algebra to Phyſece 


Phyſical quantities which can be divided 
into parts, that have proportions to each 
other, the ſame as the proportions of lints 

to 


G 


to lines, or of numbers to numbers, may 
be expreſſed by lines and numbers, and 
therefore by algebraical quantities. Hence 
theſe mathematical notations may be con- 
ſidered as the meaſures of ſuch phyſical 
quantities; they may be reaſoned upon ac- 
cording to the principles of algebra, and 
from ſuch reaſonings, new relations of the 


quantities which they nn _ be 


diſcovered. 
In thoſe 8 of natoral, philaGple, 


therefore, in which the circumſtances of the 


phenomena can be properly expreſſed by 
numbers, or geometrical magnitudes, alge- 
bra may be employed, both in promoting 


the inveſtigation of phyſical laws by expe- 


rience, and alſo in deducing the neceſſary 
conſequences of laws inveſtigated, and pre- 
ſumed to be juſt. N 

It is to be obſerved likewiſe, that if va- 


rious hypotheſes be aſſumed, concerning 


phyſical quantities, without regard to what 
takes place in nature, their conſequences 
may be demonſtratively deduced ; and thus 


a ſcience may be eſtabliſhed, whicy' may 
be W called mathematical, The uſe of 


al gebra 


_ 


1 
algebra in this ſcience, which is ſometimes 
ealled Theoretical Mechanics, is obvious 

from the principles already laid down. 

In conducting theſe 1 inquiries, it is to be 
obſerved, that, for the ſake of brevity, the 
language of algebraical operations is often 
uſed, with regard to phyſical quantities 
themſelves ; though it is always to be un- 
derſtood, that, in ſtrict propriety, it can be 
applied only to the mathematical aan 
of theſe quantities. 
HBHefore illuſtrating this a: of al- 
gebra by examples, it may be proper to ex- 
plain a method of Rating the proportion of 
variable quantities, and reafoning with re- 
gard to it, which is of general uſe in na- 
tural philoſophy; e 11 $3.45 0: 


I, of the proportion * variable quantities 


" Muthomatical ene ofien 64 con | 
nected, that when the magnitude of one is 
varied, the magnitudes of the others are 
varied, according to a determined rule. 
1 9 if two ache lines, given in poſi- 

| tion 


1 358 ) 


tion, interſect each other; and, if a ſtraight 
line, cutting both, moves parallel to itſelf, 
the two ſegments of the given lines between 
their interſection, and the moving line, 
however varied, will always have the ſame 
proportion. Thus alſo, if an ordinate to 
the diameter of a parabola move parallel to 
itſelf, the abſciſs will be increaſed or dimi- 
niſhed, in proportion as the ſquare of the 
ordinate is increaſed or diminiſhed. 

In like manner may algebraical quanti- 
ties be connected. If x, 3, 2, &c. repreſent 
any variable quantities, while a, ö, c, repre- 

ſent ſuch as are conſtant or invariable, then 
an equation containing two or more vari- 
able quantities, with any number of con- 
ſtant quantities, will exhibit a relation of 
variable quantities, ſimilar to thoſe already 
men ioned. Thus, if ax , then x: i: G: a, 
that is, & has a conſtant proportion to y, in 
whatever way theſe two quantities may be 
varied. Likewiſe, if xy*=4®, then 52: a 

/ 


bt or J C:: d: . that is, 5 has a 


conſtant proportion to the reciprocal of x, 
or 5* is increaſed in the ſame proportion as 
5 1 x 


44) 
x is diminiſhed, and converſely, It is ne- 
ceſſary to Pe the following Os. 


DEFINITIONS, 


Let chere be any aac of variable 
quantities X,Y, Z, V, &c. connected i in ſuch 
a manner, that, when X becomes *, F, 
V, &c. became reſpectively 5, 2, v, &e. 
And let a, b, c, &c. repreſent any conſtant 
quantities, whether — or unknown. 
Then, ebe IA 
1. If two variable quantities X and Y are 
ſo connected, that, whatever be the values 
of x and y, X: *:: T:, this proportion is 
exprefſed thus, X=Y, and X is faid to be 
drettly as Y, or ſhortly, X is ſaid to be as YL, 


2. It two variable quantities X and T are 
ſo connected, that : * 9 Y, or X: *: 


; their relation is thus expreſſed, 


7 X= F and A is faid to be inverſely, of 


| reciprocally as N. 


3. If X, I, Z are three variable quanti- 


tles, ſo conneRed a A: x5: L: 2, their 
relation 


* 


tas Y 


relation is ſo expreſſed, XA, and & is 
ſaid to be directly as Y and Z, jointly ; or 
A is ſaid to be as Y and Z. 


4. If any number of variable quantities 
as X, *. Sa 5 * are ſo Raul that 
XT: x9 51 72 =; then XV =", and XY 


is ſaid to be Arc as H, and inverſely as 
V, or more explicitly, X and Y jointly, are 
direfly as Y and Z jointly, and inverſely as 
In like manner are other combinations of 
variable qualities denoted and expreſſed. 
It is to be obſerved alſo, the ſame defini» 
tions take place, when the variable quan- 
tities are multiplied or divided FE: uy 
conſtant quantities. Thus, if aX : t; 


F then ax = . &c. 


F. Let the edi notation of propor- 
tion be called a proportional equation , the 
cqua- 


10 Theſs terms are uſed only with a view to give 
more preciſion to the ideas of ginners. In order to 
avoid the ambiguity in the meaning of the ſign , 
ſome writers employ the char to denote conſtant 
proportion 3 but this is ſeldom neceſſary, as the · an- 
tities compared are generally of different kinds, and 
the relation expreſſed is ſufficiently obvious. See E- 
merſon's Mathematics, Vol. 1. | 


(6). 
equations formerly treated of being in this 
place, for-the ſake of INN, called ab 
/olute. | 


Cor. «Ny abſolute equation, contain- 
ing more than one variable quantity, may 
be conſidered as a proportional equation; 
and, in a proportional equation, if at any 
particular correſponding values of the vari- 
able quantities, the equation becomes abſo- 
lute, it will be univerſally abſolute. 

Pro. I. If one fide of a proportional e- 
quation be either multiplied or divided by a- 
ny conſtant quantity it will continue to be 


2 1 if X= — mY then T 7 F or, ſince 


> (Def Tr r . ; 7 it follows, 
(Chap. 2 J. that T: 1 1 . 55 therefore 


(Def. 4.) I= 


PROP. 2. If the two ſides-of a propore 
tional equation be both multiplied, or both 
[7 divided by the ſame quantity, it will con- 
tinue to be true. 


II, If the quantity be conſtant, it is ma- 


nifeſt from Prop. 1. os | 
| 24, 


li) 


2d, If the quantity be variable, let X= 
Y, and Z a variable quantity, then XZ= 
YZ. For, ſince X=Y, (Def. 2.) A: * :: T:; 
multiply the antecedents by Z, and the 
conſequents by 2, then XZ : xz :: TZ: 92, 
therefore (Def. 5.) Z = Z. In like 


manner, if X =Y, 2 


Con. Any variable quantity, which is a 
factor of one ſide of a proportional equa- 
tion, _ be made * ſtand alone. Thus, 
if A, then X=55 77 alſo, FH 


and '£ = 25 and alſo 7 S Age &c. Hence, 


alſo, if one ſide of a proportional equation 
be divided by the other, the quotient is a 
conſtant quantity, viz. 1. 


' Prop, 3. If two proportional equations 


have a common fide, the remaining two 
ſides will form a proportional equation. 
Alſo, that common fide will be as the von 
or difference of the other two. | 

„Thus, if = and . then 123 
For T: * :: FH:, and T: y Z: 2, there- 
fore multiplying theſe ratios, XY : xy :: L 


* 


68) 
29, and by dividing antecedents and con- 
ſequents, X: x :: Z: 25 1 I. 1 
r x 

. | Likewiſe, if X * and Y=Z, . 
For, ſince X. & :: T: :: Z: 2z. (Chap. a) 
LY: 33 XZ: Az, therefore (Def. 5.) 
TAZ. Dy 

Cor. Hence, one fille 7 a Mi TT 
equation will be as the ſum, or as the dif- 
ference of the two ſides ; and the ſum of the 
two, ſides. will be as their difference. Thus, 
if X=Y+2Z, then X=X+Y+Z and 
X=X—Y—2Z, and alſo * X—Y 
— 2 "= 
| Prop. 4 * che two Gila of s a por 
tional equation be reſpectively multiplied 


or divided by the two ſides of any other 
proportional equation, the products or quo- 


tients will form a proportional equation. 
Thus, if X=Y, and Z i, then XZ =YV. 
For, ſince X: x: F: 9, and Z: z:: I: v, by 
multiplying theſe proportions (Chap. 21. | 
XZ: xz :: IV: yu, therefore (Def. 5.) X 
Ty. In like manner in the caſe of diviſion. 
Cox. 1. The two ſides of a proportional 


equation may be raiſed to any power, or, 


o any 


( 159 ) 
any root may be extracted out of both, and 
the equation will continue to be true. 
Thus, if X=Y, then X=, for, fince 
X=Y, X: *:: F., and therefore X: x" 
2: VM: n; therefore X"=Y*, And, if 


X , alſo X="=Y", 

. proportional equations 
have a common fide, that fide will be as 
the ſquare 1 root of the product of the other 
two. Thus, if X =Y, and Y= , by this 
prop. Y*=XZ, and (Cor. 1.) T= Z. 
Hence alſo, in this caſe, | A la; 
for (prop - 3. ) 11 

Con. 3. If one fide of a proportional e- 
2 be a factor of a ſide of another pro- 
portional equation, the remaining ſide of 
the former may be inſerted in the latter, in 


place of that factor Thus, if X =2Y, and 
Z = 1 55 then X= = as appears by multk- 
plying the two equations, and dividing by 

PRO. 5. Any proportional equation may 
bl made abſolute, by multiplying one fide 


by a conſtant quantity, 
Thus, 


* o 
| 10 
* | 
q oy — * 


Thus, if X=Y, then let two particular 
correſponding values of theſe variable quan- 
tities be aſſumed as conſtant, and let them 
be a and 6, han A: a:; T: b, and e. 
or X=Y * 7 an n —— 


* „ * a 


SCHOLIUM. | 


— 


| 1. If there be two variable bye quan- 
wa either of the ſame, or of different 


kinds, which are ſo connected, that, when 
the one is increaſed or diminiſhed, the other 


is increaſed or diminiſhed | in the ſame. pro- 
| portion ; or, if the magnitudes of the one, 
in any to ſituations, have the ſame ratio 
to each other, as the magnitudes of the o- 
ther in the correſponding ſituations, the re- 
lation of the mathematical meaſures of theſe 
quantities may be expreſſed by a propor- 
tional equation, according to Def, 1. 
2. If two variable phyſical quantities be 
ſo connected, that the one increaſes in the 
ſame proportion as the other is diminiſhed, 
and converſely; or, if the magnitudes of the 
one, in any two ſituations, be reciprocally 
proportioned to the magnitudes of the other, 
im 


65670) 


in the correſponding ſituations, the relation 5 


of their meaſures may be expreſſed by a 
proportional equation, according to Def. 2. 


3. If three variable phyſical quantities are 


ſo connected, that one of them is increaſed 
or diminiſnhed, in proportion as both the 
others are increaſed or diminiſhed; or, if 
the magnitudes of one of them in any two 
ſituations, have a ratio, which is com- 


pounded of the ratios of the magnitudes of 


the other two, in the correſponding ſitua- 
tions; the relation of the meaſures of theſe 
three may be expreſſed by a proportional 
equation, according to Def. 3. 

4. In like manner may the relations of 
other combinations of phyſical quantities 
be expreſſed, according to Def. 4. And 
when theſe proportional equations are ob- 
tained, by reaſoning with regard to them, 
according to che preceding propoſitions, 
new relations of the phyſical quantities may 

be deduced. | 


2. Examples of Phyic cal ae | 


The uſe of algebra, in natural philoſo- 
phy, may be 1-96 god illuſtrated by ſome 
» examples 


GIS ER , Sj 
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examples of phyſical problems. The ſolu- 
tion of ſuch problems muſt be derived from 
known phyſical laws, which, though ulti- 
mately founded on experience, are here aſ- 
ſumed as principles, and reaſoned upon ma- 
thematically, The experiments by which 
the principles are aſcertained admit of va- 
rious degrees of accuracy; and on the de- 


gree of phyſical accuracy in the principles 


will depend the phyſical accuracy of the 
concluſions mathematically deduced from 
them. If the principles are inaccurate, the 
concluſions muſt, in like manner, be inna- 
curate ; and, if the limits of inaccuracy in 
the principles can be aſcertained, the corre- 
ſponding limits, in the concluſions derived 
from them, may likewiſe: be calculated. | 

N A Ca Ln REES 


Let a glaſs tube, 30 inches (a) long, be Flled 
with mercury, excepting 8 mebes (b); 
and let it be inverted, as in the Torricel- 

lian experiment, Jo that the 8 inches of 
common air may riſe to the top: It us _ 
quired to find at what height the mercury 
Full remain ne uſpended, the mercury in the 
| barometer 


4 why 3 

barometer being at that time 28 inches (d) 

high, 

The ſolution of this 1 depends 
upon the following principles: 

1. The preſſure of the atmoſphere is 
meaſured by the column of mercury in the 
barometer and the elaſtic force of the air, 
in its natural ſtate, which reſiſts this preſ- 
ſure, is therefore meaſured by the ſame co- 
lumn, 

2. In different ſtates, the elaſtic force of 
the air is reciprocally as the 1 which 
it oecupies. 

3. In this experiment, the mercury 
which remains ſuſpended in the tube, toge- 
ther with the elaſtic force of the air in the 
top of it, being a counterbalance to the 
preſſure of the atmoſphere, may therefore 
be expreſſed by the column of mercury in 
the barometer. 

Let the mercury in the tube be x inches, 
the air in the top of it occupies now the 
ſpace ax ; it occupied formerly 6 inches, 
and its elaſtic force was d inches of mer- 
cury: Now, therefore, the force muſt be 


. 


(a—x 


1 
(a—x 6 ꝛ: d: ee inches (2.). Therefore 


(3.) x + — d. This reduced, and put- 
ting a+d=2m, the equation is x*%—2mx 
bd ad. | 
This reſolved gives n Vm*Fba—ad. 

In numbers - — x==44 or 14. 
One of the roots 44 is plainly excluded in 
this caſe, and the other 14 is the true an- 
ſwer. If the column of mercury x, ſuſpend- 
ed in the tube, were a counterbalance to the 
preſſure of the atmoſphere, expreſſed by the 
| height of the barometer d, together with 
the meaſure of the elaſtic force of ô inches 
of common air in the Wee * a, that is, 


if x=d+L, OF: x d, the equa- 

| tion will be the ſame as EN and the 

root 44 would be the true anſwer. But 

the experiment in this queſtion does not 5 

admit of ſuch a ſuppoſition. 

1 EXAMPLE. I... 

The di ifance of the earth and moon ( d,) and 
their quantities of matter (t, I,) being gi- 

ven, to find the point of equal aftratlion, 
between them. 


Let 


11 


Let the diſtance of the point from the 
earth be x, its diſtance from the moon will 
be therefore d—x, But gravitation 1s as 
the matter directly, and as the ſquare of the | 
diſtance inverſely; therefore the earth's at- l 
traction is as = ; and the moon's attrac- : 


tion is as F< r= But theſe are here Os 


therefore; 

t 1 WF: ©, Atf 

* 4 Ph is e d—x 
| dy t 
This equation reduced gives æ TEXTS 7 


Or mult. numerator and de- 5 oY 
EE nn on 


nominator by t — NV 


In round numbers, let = 60 ſemidiame- 
ters of the earth, f=40, /=1, then x=52 
ſemidiameters nearly. There is another 
point beyond the moon at which the attrac- 
tions are equal, and it would be found by 
putting the ſquare root of d—af* to be x—d, 


which, in this caſe, would be a poſitive 


dt +dy/tl 
quantity ; ; and then e near- 


ly, If the n. had been multiplied 
before 
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before extracting the ſquare roota, the ad- 
fected S weh would have e the 
* ke roots. N FEST, 


EXAMPLE Wl. 


Let a flone be dropt into an empty pit; and 
let the time from the dropping of it to the 
hearing the found from the bottom be gi 
ven: To find the depth of the pit. 


Let the given time be a ; let the fall of a 


heavy body in the 1ſt ſecond of time 
(16.122 feet) be 6; allo, let the motion of 


ſound in a ſecond (1142 feet) be c. 


Let the time of the ſtone's fall be ſr x 
The time in which the ſound of it] | 
moves to the top is | 24—x 
The deſcent of a falling body is 

as the ſquare of the time, there- 
fore the depth of the pit is|3 bx* 
nn 


The depth from the motion of T 
ſound is alſo _ | 5 4ca—cx 


Therefore 3 and 4 iner 


This equation being reſolved, gives the 
value of x, and from it may be got bx* or 
ca—cx, the depth of the pit, : 
1 8 | oh f If 
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If the time is 10% then x=8.885 near- 
ly, and the depth is 1273 feet. 

There are ſeveral circumſtances in this 
problem which render the concluſion inac- 
curate. | 

1. The values of c wh b, on vie the 
ſolution is founded, are derived from expe- 
riments, which are ſubject to conſiderable 
inaceuracies. | 

2. The reſiſtance of the air has a great 
effe& in retarding the deſcent of heavy bo- 
dies, when the velocity becomes ſo great as 
is ſuppoſed in this queſtion; and this cir- 
cumftance is not regarded'in the ſolution. 

2. A ſmall error, in making the experi- 
ment to which this queſtion relates, produ- 
ces a great error in the concluſion. This 
circumſtance is particularly to be attended 
to in all phyſical problems; and, in the 
preſent caſe, without noticing the preceding 
imperfections, an error of half a ſecond, in 
eſtimating the time, makes an error of a- 
bove 100 feet in the expreſſion of the depth 


of the pit. 
Ul. 


- 
IT 
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II. * —_— and Anneties, 


The piece al en to the calcu- 
13 of intereſts and annuities, will fur- 


.niſh proper examples of its uſe in buſineſs, 
Algebra \cannot determine the propriety or 


juſtice of the common ſuppoſition on which 
theſe calculations are founded, but only the 
neceſſary concluſions 1 from them. 


cal the following Sas, let ? denote 
ad ſum of which 1 1. is the unit, 
t the time during which it bears intereſt, of 
which 1 year ſhall be the unit, r the rate 


of intereſt of 1 l. for 1 year, and let « be 
the amount of the principal ſum p with its 


intereſt, for the time ?, at the rate r. 


I. 07 Sunpit nee, 


a Hr and of theſe four, s, p, t, r, 
any three being given, the fourth may be 
found by reſolving a ſimple equation. 
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The foundation of che canon is very ob- 
vious ; for the intereſt of 11, in one year 1s 
r, for f years it is tr, and for 5 pounds it is 
ptr; the whole amount of principal and in- 
tereſt muſt therefore be p+ptr=s5. 


II. Of Compound Intereſt. 
When the ſimple intereſt at the end of 


every year is ſuppoſed to be joined to the 
principal ſum, and both to bear intereſt for 


the following year, money is ſaid to bear 


compound intereſt, The ſame notation be- 
ing uſed, let 1+r=R. Then s=pR*. _ 
For the ſimple intereſt of 1 l. in a year 
is 7, and the new principal ſum therefoie 
which bears intereſt during the ſecond year 
is 1+r=R ; the intereſt of R for a year 
is R, and the amount of principal and inte- 
reſt at the end of the 2d year is R+rR= 
RX1+/=R*. In like manner, at the end 
of the 3d year it is R., and at the end of: 
years it is R-, and for the ſum p it is PR . 
Cor. 1. Of theſe four p, R, t, s, any three 
being given, the fourth may be found. 
SAG My ons When 


„ 
When # is not very ſmall, the folution 
will be obtained moſt conveniently by lo- 
garithms. When R is known r may be 
found, and converſely. | 
Ex. If 500 1. has been at intereſt for 21 
years, the whole arrear due, reckoning 41 
per cent, compound intereſt, is 1260. 12 l. 
or 1260 l. 2 8. 5 d. In this caſe, p=500, 
R=1.045,and f g 21, and g 1260. 12, and 
any one of theſe may be derived by the theo- 
rem from the others being Known. Thus, | 
to find 2; ,R'=tXl.R=21X0.0191163 
=0.40 1442 4; therefore R'=2. 52042, and 
rS=aRK'=) 500 X 2.520242=1260.121, | 
Cor. 2. The preſent worth of a ſum () 
in reverſion that is payable after a certain 
time # is found thus, Let the preſent worth 
be x, then this money, improved by com- 
pound intereſt during t produces * R., which 


| muſt be equal to , and if fe , = | 


Cor. 3. The time in which a ſum is 
doubled at compound intereſt will be found 


thus, ER ap, and R'=2, and 1=52: K. ; 


thus, 1 the rate is S per cent, 1. of, and 


42 3010300 086. chat is 14 
: 14.05 05 ee „ 
years and 75 days nearly. 


8 HOL IU M. 


Many other fuppoſitions might be made 
"with regard to the improvement of money 
by compound intereſt, The intereſt might 
be ſuppoſed to be joined to the capital, and 
along with it to bear intereſt at the end of 
every month, at the end of every day, or 
even at the end of every inftant, and ſuit- 
able calculations might be formed; but 
theſe ſuppoſitions, being ſeldom uſed in 
practice, are omitted. 


9 


n Of Annuities. 


| An annuity is a payment made annually 

for a certain term of years, and the chief 

problem, with regard to it is, to determine 
| „ 


— 


its preſent worth.” The ſuppoſſtion on 
which the ſolution proceeds is, that the 
money received by the ſeller, being impro- 
ved by him in a certain manner during the 
continuance of the annuity, amounts to the 
ſame ſum as the ſeveral payments received 
by the purchaſer, improved in the ſame 
manner. The ſuppoſitions with regard to 
the improvement may be various. What is 
called 'the method of ſimple intereſt, in 
which ſimple intereſt only is reckoned upon 
the purchaſe-money, and ſimple intereſt on 
each annuity from the time of payment, is 
ſo manifeſtly unequitable, as'to be univer- 
ſally rejected; and the ſuppoſition which is 
now generally admitted in practice, is the 

higheſt improvement poſſible on both ſides, 
viz. by compound intereſt. As the taking 
compound intereſt is prohibited by law, the 
realizing of this ſuppoſed improvement re- 
quires punctual payment of intereſt, and 
therefore the intereſt in ſuch calculations is 
uſually made low. Even with this advan- 
tage, it can hardly be rendered effectual in 
its full extent ; it is however univerſally 

ER + acquieſced 
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acquieſced in, as the moſt proper founda- 
tion of general rules; and when peculiar 
circumſtances require any different hypo- 
theſis, a ſuitable calculation may be made. 

Loet then the annuity be called a, and let n 

p be the preſent worth of it or purchaſe- | 
money, ; the time of its continuance, and 
let the other letters denate as formerly. 

The ſeller, by improving the price recei- 
ved p, at compound intereſt, at the time the 
annuity ceaſes, has PR. 

The purchaſer is ſuppoſed to receive the 
firſt annuity à at the end of the firſt year, 
which is improved by him for t—1 years; - 
it becomes therefore (Th. 2.) R.. 

HF e receives the 2d annuity at the end 

of the 2d year, and when E t—2, 

it becomes RH. 

The zd annuity becomes aR*->, Kc. 

The laſt annuity 18 ſimply a, therefore 

the whole amount of the improved annui- 
ties is the * ſeries a+aRþaR?, 


6 This 2 of the ſeries by . 
Chap. 6. Sed. 2. is ax SN. 


—1 


But, 


tan) 
But, from the nature of the problem, 


2R=s * -3 and bee e ED | 


1 7 
— 


1 =. 


*F=8 = 

The WY FOES oa reſults * calcu- 
lating the preſent worth of the ſeveral an- 
nuities, conſidered as ſums payable i in re- 
verſion, , 


Cor. 1. Of theſe FRY p, a, R, t, any | 
three being given, the fourth may be found, 
by the ſolution of equations; ? is found ea- 
ſily by logarithms, R or r can be found on- 
ly by reſolving an adfected en of the 
* order. 


Cor. 2. If an annuity has been unpaid 
for che term t, the arrear, reckoning com- 
R—1 


pound intereſt, will be aX R 
Cor. 3. The preſent worth of an annuity 
in reverſion, that is to commence after a 
certain time (#), and then to continue : 
7 years; | 


175 ) 
years, is found 'by ſubtracting the preſent 
worth for 1 years from the preſent worth 
for n-+t years, and then, 


LY 5 1 N 
PAN Ren — 4 * 7 R 


Alſo of R, t, n, a, p, any four being gt 
ven, the fifth may be found. 1 8 


Cor. 4. If the annuity is to continue for- 
ever, then R'—1 and R mY be conſidered 
— a 


— — 


1 
Cor. 5. 4 perpetuity in reverſion. (by 


as the ms 3 and p=ax = 


Cor, 3.) ſince R'—1=X', is p * 


Prob. When 12 years of a leaſe of 21 
were expired, a renewal for the ſame term 
was granted for 1000 I.; 8 years are now 


expired, and for what ſum muſt a corre-, 


ſponding renewal be made, reckoning 5 
per cent. compound intereſt ? 


From the firſt tranſaction the yearly pro- 
fit rent muſt be deduced ; and from this the 
proper fine in the "Ol may be computed. 

| Ky 


71 
A 
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EY the firſt bargain, an annuity in rever- 
Gon for 12 years, to commence 9 years 
hence, was ſold for 10001. the annuity will 
therefore be found by Cor. 3. in which all 
R. 

— 


1—— 


Ft 
and by inſerting numbers, viz. p= 1000, 
tr 12, ng, r=. 05, and R 1. o5; and 
working by logarithms a= 17 $.029=17 2 
7 d. 
Next, having found a, the ſocond re- 
newal is made by finding the preſent worth 
of the annuity a in reverſion, to commence 
13 years hence, and to laſt 8 years. In the 
canon (Cor. 3.) inſert for a, 175.029, and 
let f=8, n=13, and r=.05 as before, p. 
599.93 = 599 l. 18 s. 6x d. The fine * 


the quantities are given, but a= PX 


red. 


As theſe computations often become 
troubleſome, and are of frequent uſe, all the 
common caſes are calculated in tables, from 
which the value of any annuity, for any 
time, at any intereſt, may eaſily be found. 

It is to be obſerved alſo, that the prece- 
ding rules are computed on the ſuppoſition 
ws a 


677 
of the annuities being paid yearly; and 
therefore, if they be ſuppoſed to be paid 
half yearly, or quarterly, the concluſions 
will be ſomewhat different, but they may 
eaſily be calculated on the preceding prin- 
8 | 
The calculations of life annuities depend 
partly upon the principles now explained, 
and partly on phyſical principles, from the 
_ probable duration of human life, as dedu- 
ced from bills of mortality, 
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Of the General Properties and Reſolution 
of EqyArIiOxs of all Orders. ; 


n A 


Of the Origin and Compoſition of Equationt; 
and of the S1gns and he of their 
Te ermt. | 


IN order to reſolve the higher orders of 
equations, and to inveſtigate their ge- 

neral affections, it is proper firſt to conſider 
their origin from the combination of infe- 

rior equations; | 
As it would be impoſſible t to exhibit par- 


ticular rules for the ſolution of every order 
TO of 
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of equations, their number being indefinite; 

there is a neceſſity of deducing rules from | 
their general properties, which may be e- 
qually applicable to all. 

In the application of algebra to certain 
ſubjects, and eſpecially to geometry, there 
may be an oppoſition in the quantities, a- 
nalogous to that of addition and ſubtraction, 
which may therefore be expreſſed by the 
ſigns + and —. Hence theſe ſigns may be 
underſtood by abſtraction, to denote con- 
trariety in general; and therefore, in this 
method of treating of equations, negative 
roots are admitted, as well as poſitive. In 
many .caſes the negative will have a proper 
and determinate meaning; and when the 
equation relates to magnitude only, where 
contrariety cannot be ſuppoſed to exiſt, 
theſe roots are neglected, as in the caſe of 
' quadratic equations formerly explained. 
There is beſides this advantage in admitting 
negative roots, that both the properties of e- 
quations from which their reſolution is ob- 
5 tained, and alſo thoſe which are uſeful in 
the many extenſive applications of algebra, 

become 


C dx } 


become more ſimple and general, and are 
more eaſily deduced. 

In this general method, all the terms of 
any equation are brought to one fide, and 
the equation is expreſſed by making them 
equal to o. Therefore, if a root of the 
equation be inſerted inſtead of (x) the un- 
known quantity, the poſitive terms will be 
equal to the negative, and the whole muſt 
be equal to o. 

Dev. When any equation is put into 
this form, the term in which (x) the un- 
known quantity is of the higheſt power, is 
called the Firſt, that in which the index of 
x is leſs by 1, is the Second, and ſo on, till the 
laſt into which the unknown quantity does 
not enter, and which is called the Ab/olute 
Term, : 

Prop. I. If any 3 of equations be 
multiplied together, an equation will be pro- 
duced, of which the dimenſion “ is equal to 

| | the 

* The term dimenſion, in this treatiſe, is uſed in 
ſenſes ſomewhat different, but ſo as not to create any 
ambiguity. In this chapter it means either the order 
of an equation, or the number denoting that order, 
which was formerly defined to be the higheſt expo- 


nent 
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the ſum of the dimenſions of the pov 
multiplied. | 

If any number of ſimple equirions be 
multiplied together, as x—a=0, -b oo, 
Kc o, &c. it is obvious, that the product 
will be an equation of a dimenſion contain- 
ing as many units as there are ſimple equa- 
tions. In like manner, if higher equations 
are multiplied together, as à cubie and a 
quadratic, one of the fifth order is produ- 
tet; and ſo on. 

' Converſely. An equation of any dimen- 
fion is conſidered as compounded either of 
ſimple equations, or of others, fuch that the 
ſum of their dimenſions is equal to the di- 
menſion of the given one. By the reſolution 
of equations theſe inferior equations are dif- 


covered, and by inveſtigating the compo- | 
nent ſimple equations, the roots of any 
higher equation are found. 


Cor. 1. Any equation admits of as many 
ſolutions, or has as many roots, as there are 


_ ſimple equations which compoſe it, that is, 


as there are units in the dimenſion of it. 
Cor. 


nent of the unknown quantity in any term of the e- 
quation. 
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Cor. 2. And converſely, no equation 
can have more roots than the units in its 
dimenſion. 1 5 

Cor. 3. Imaginary or impoſſible roots 

muſt enter an equation by pairs; for they 
ariſe from quadratics, in which both the 
roots are ſuch, 

Hence alſo, an equation. of an even di- 
menſion may have all its roots, or any e- 


ven number of them impoſſible, but an e- 


quation of an odd dimenſion muſt at leaſt 
have one Parte root. n 


| Cor. & The roots are either politive or 
negative, according as the roots of the 
ſimple equations, from which they are pro- 

duced, are poſitive or negative. | 


Cor. 5. When one root of an equation is 


diſcovered, one of the ſimple equations is 
found, from which the given one is com- 
| pounded, The given equation, therefore, 
being divided, by this ſimple equation, will 
give an equation of a dimenſion lower by 1. 
| Thus, any equation may be depreſſed as 

| many 


many degrees as there are roots 177 77 7 
any method whatever. 

Prop. II. To explain the general proper- 
ties of the ſigns and coefficients of che terms 
of an equation. 


Let x—a=09, x—b=0, & — DIY X—d 
So, &c. be ſimple equations, of which the 
roots are any poſitive quantities +a, +8, 
Tc, +4, &c. and let xm Soo, A= O, 
a &c, be ſimple equations, of which the roots 
are any negative quantities —m, — n, &c. 
and let any number of theſe equations be 
multiplied together, as in the following 

| table. 


| Fa TOES | 3 | 
 x—ax te | ; 
e ab$ So, a Quadratic, 
RXX—c=0 


1 


=X%—g +ab 7 | 
e XK, X- abe 0 a Cubic. 


= + 
* 5 jp | - 
' =* —4 +a abe $ 5 = : 
a | — = TRE Klangs, A Bi- 
| "7 — a * . 45 quadratic, &c. 


1 | 5 From 


( 185 ) 
From this table it is plain, 
1. That in a complete equation the num- 
ber of terms is always greater by unit than 


the dimenſion of the equation, 


fe The coefficient of the alt! term 1 
The coefficient of the ſecond term is the 


ſum of all the roots a, b, c, n, Kc, with 


their ſigns changed. 

The coefficient of the third term is the 
ſum of all the products that can be made by 
multiplying any two of the roots together; 


The coefficient of the fourth term is the 


ſum of all the products which can be made 
by multiplying together any three of the 
roots with their ſigns changed ; and ſo of 
others. 

The laſt term 18 the product of all the 
wen with their ſigns changed: 


* From induction it appears, that in any 
equation (the terms being regularly arran- 
ged as in the preceding example) there are 
as many politive roots as there are chan- 
ges in the ſigus of the terms from + to —, 
A a and 


* 


K 
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and from — to +; and the remaining 


roots are negative. The rule alſo may be 
demonſtrated. | 

Note. The impoſſible roots in this rule 
are ſuppoſed to be either ata or nega- 
tive. = | 

In this example of a numeral equation 
x*— 10x*Þ 35x*— 0x+24=0, the roots 
are, I, +2, + 3, +4, and the prece- 
ding obſervations with regard to the ſigns 
and coefficients take place. 

Cor. If a term of an equation is wanting, 
the poſitive and negative parts of its coeffi- 
cient muſt then be equal. If there is no 
abſolure term, then ſome of the roots muſt 


be =o, and the equation may. be depreſſed 


dy dividing all the terms by the Joweſt 
power of the unknown quantity in any of 


them. In this caſe alſo, - og, x—o=o, 


&c. may be conſidered as ſo many of the 
component ſimple equations, by which the 


given equation being divided, it will be de- 


preſſed ſo many 9 


<4 
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Of the Transformation of Equations, 


ERE are certain transformations of 
equations neeeſſary towards their ſo- 
e and the moſt uſeful are contained | 
in the following propoſitions, a 


Prop. 1. The affirmative roots of an e- 
quation become negative, and the negative 
become affirmative, by changing the ſigns 
of the alternate terms, beginning 
the ſecond. 


Thus the roots of the equation & -& 
10 ＋49 * 30 O are +1, +2, +3,—5, 
whereas the roots of the equation, «-& 
19 49-30 o, are — 1, —2,—3, ＋5. 

8 1 5 
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The reaſon of this is derived from the 
compoſition of the coefficients of theſe 
terms, which conſiſt of combinations of odd 
numbers of the roots, as 1 e e in the 
preceding chapter. 


Prop. II. An equation may be tranſ- 
formed into another that ſhall have its roots 
greater or leſs than the roots of the given 
equation by ſome given difference. 

Let x be the unknown quantity of the 
equation, and e the given difference; let 
xe, then x =7Fe ; and if for & and 
its powers in the given equation, VEL and 
its powers be inſerted, a new equation will 
ariſe, in which the unknown quantity is y, 
and its value will be xe; that is, its roots 
will differ from the roots of the given equa- 
nion by 8 
Let the equation propoſed be x Pr 
gx—r=0, of which the roots muſt be di- 
miniſhed by e. By inſerting for x and its 
powers, ye and its ara the equation 
bin gh 18, 


J 


7 4 
* 


6% 
F 73.7 & 


D ape 
+ 9 2e 


„ 1 * 17 


Cor. 1. From this transformation, the 
ſecond, or any other intermediate term, 
may be taken away; F the —— 
tion of equations. 9 ; | 

Since the coefficients of all the terms of 
the transformed equation, except the firſt, 
involve the powers of e and known quanti- 
ties only; by putting the coefficient of any 
term equal to o, and reſolving that equa- 
tion, a value of e may be determined; 
which being en N will make 5 
term to vaniſn. | 

Thus, in this example, to take away the 
ſecond term, let its coefficient, 3e. g , and 
e Ap, which being ſubſtituted for e, the 
new equation will want the ſecond term. 
And univerſally, the coefficient of the firſt 
term of a cubic equation being 1, and x 
being the unknown quantity, the ſecond 
term may be taken away, by ſuppoſing 
* p, =P being the coefficient of that 


lem. e 


Cor. 
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Cor. 2. The ſecond term may be taken 
away by the ſolution of a ſimple equation, 
the third by the ſolution of a quadratic, 
and ſo on. | EE | 

Cor. 3. If the ſecond g term go a quadratic 
equation be taken away, it will become a 
pure equation, and thus a ſolution of qua- 
dratics will be obtained, which coincides 
with the ſolution already given in Part I. 

Cor. 4. The laſt term of the eee 
equation is the ſame with the given equa- 
tn, only having e in place of x, 

Prop. III. In like manner may an equa- 
tion be transformed into another, of which 
the roots ſhall be equal to the roots of the | 

given equation, multiplied or divided by a 
given quantity. 

Let x be the unknown letter in the gi- 

ven equation, and that of the equation 
5 wanted; alſo let e be the given quantity. 
Io multiply the roots, let xe , and 


RIS is of | 

ROT | 188 „ * 

To divide the roots let = and x=ze. 
Then 


Ly 


( wi } 


Then ſubſtitute for x and its powers, £ 


or ye and its powers, and the new equation 
of which 5 is the unknown quantity, will 
have the property required. 

Cor. 1, By this propoſition an equation, 
in which the coefficient of the firſt term is 
any known quantity, as a, may be tranſ- 
formed into another, in which the coeffi- 


cient of the firſt term ſhall be unit. Thus, 
let the equation be ax - DÆ - e o. 


Suppoſe q Sax, or x==, and for » and 
its powers inſert - and its powers, and the 
equation becomes LY +Z—r=0, or y? 
Fu haben Alſo, let the equa- 
on be 5x*—6x*+7x—30=0; and it 
then y*—69*+ 3539—750=0. 


Cor. 2. If the two transformations ! in 
Prop. 2. and 3. be both required, they may 
be performed either ſeparately or together. 

Thus, if it is required to transform the 
equation ax — px* + gx — r=0 into one 
which ſhall want the ſecond term, and in 
which the coefficierit of the firſt term ſhall 

be 


* 


> — — r — a Hs as 
- * 
-” — 


—— —— j¶ [⏑ ä́—ä—ͤ— vs 4 
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9 


8 1; let x=L, and then 7 


are oO as before; ; then let r. p, and 


the new equation, of which 2 is the un- 
. known quantity, will want the ſecond term, 
and the coeſſicient of 2, the higheſt term 


is 1. Or, if =, the ſame equation as 


the laſt found will ariſe from bne opera- 
tion. _ 

Ex. Let the equation be 5 5x 88 2 
30=0. If x= 25 then F=6jp*+ 359 
Foro. And if y=z+2, 2 ＋232—696 
=o. Alſo, at once, let re, and the 


equation properly reduced, by bringing all 


the terms to a common denominator, and 


then caſting it off, will ve n 


So, as before. : 
Cor: 3. If there are fractions in an equa- 
fion, they may be taken away,” by multi- 


plying the equation by the denominators, 
and by this Prop. the equation may then be 


transformed into another, without fractions, 
in which the coefficient of the firſt term is 
1. In like manner, may a ſurd coefficient 
" taken away in certain caſts. 5 
Cor. 


x 
. 


(193 
17 Cor 0 4. a Hence alſo, if the coefficient of | * 


the ſecond term of a cubic equation is not — 


diviſible by 3, the fractions thence ariſing 
in the transformed equation, wanting the 
ſecond term, may be taken away by the 
preceding corollary. But the ſecond term 
| alſo may be taken away, fo that there ſhall 
be no ſuch fractions in the transformed e- 


quation, by ſuppoſing * =, p being 
the coefficient of the ſecond term of the gi- 
yen equation. And, if the equation a 


PA. er So be given, in which p is 
| =2+2) 


not diviſible by 3, 
the transformed equation reduced is 2— 
35. + gag X 2 — 25 + gapg— 27 ; 
wanting the ſecond term, having 1 for the 
coefficient of the firſt term, and the coeffi- 
cients of the other terms being all integers, 
the coefficients of the given equation 1285 
alſo ſuppoſed integers. 


General Corollary to Prop. I. II. Ul. 


If the roots of any of theſe 00 
equations be found by any method, the 
ö roots 


0194) 
roots of the original equation, from which 
they were derived, will eaſily be found 
from the ſimple equations expreſſing their 


relation. Thus, if 8 is found to be a root 


of che transformed equation 2 ＋232—696 
Do, (Cor. 2. prop. 3. ). ſince . che 
correſponding root of the given equation, 
5* 6K ＋ 730g, muſt be == 8. It 


is to be obſerved alſo, that the reaſoning 
in Prop. a. and 3. and the corollaries, may 
be extended to any order of equations, 
though in en it 0 applied a to eu- 
| bies. 


4 þ * = * ; 
1 * 4 N ” v * 
4 7 = 
N 9 85 . 5 £ 
: q g ; , 1 8 
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„„ AP 
Of the Reſolution of Equations. 


ROM the preceding principles and o- 
perations, rules may be derived for 
reſolving equations of all orders, 


I. CarDan's Rule for Cubic Equations. 


The ſecond term of a cubic equation be- 
ing taken away, and the coefficient of the 
firſt term being made 1, (by Cor. 1. Prop. 
2. and Cor. 1. Prop. 3. Chap. II.) it may be 
generally repreſented by & & + 39x 2r 
So; the ſign I in all terms denoting the 
addition of them, with their proper ſigns. 
Let x=m+n, and alſo mn = —9 by the 
ſubſtitution of theſe values, an equation of 

the 


can be equal to —7 . 
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the 6th order, but of the quadratic form, 


is deduced, which gives the values of n and 
n, and hence, f 


Ln = * e U 7755 
er ö of oo gt 2 
14 | e 9 


Cor. 1. In tlie given equation, if 37 is 


negative, and if 7* is leſs than , this ex- 
preſſion of the root involves impoſſible 


quantities; while, at the ſame time, all the 


roots of that equation are poſſible. The rea- 


ſon is, that, 1 in this method of ſolution, it is 


neceſſary to ſuppoſe that x the root may be 


divided into two parts, of which the pro- . 


duct i is . But it is eaſy to ſhew, that, in 
| this, which is called the irreducible Ws it 


cannot be done. 


For example, the equation, (Ex. 3. Sed. 
3. of this chapter), x*—1 5$6x+ 560=0, be- 
longs to the irreducible caſe, and the three 
roots are 4, +10, — 14, and it is plain 
that none of theſe roots can be divided into 


two parts m and u, of which the product 


*=52; for the 


greateſt 
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greateſt product from the diviſion of the 
greateſt root — 14, is —7X —7=49, leſs 


than 52. 
If the cube root of the „ ſurd 


can be extracted, the impoſſible parts ba- 
lance each other, and the true root is ob- 
tained. 

The geometrical * of the triſec- 
tion of an arch is reſolved algebraically, by 
a a cubic equation of this form; and hence 
the foundation of the rule for reſolving an 
equation belonging to this caſe, by a table 
of ſines. ge 


| Cor. 2. Biquadratic equations may be re- 
| duced to cubics, and may therefore be re- 
ſolved by this rule. 

Some other claſſes of equations too, may 
be reſolved by particular rules ; but theſe, 
and every other order of equations, are 
commonly reſolved by the general rules, 
which may be equally applied to all, 


JL 


| 
[ 
| 
| 
| 
. 
| 
| 
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IL Solution of Equations, wh of Roots are 
commenſurate. 


R U L " 6M 


All Get terms of rhe equation being brought 
to one fide, find all the diviſors of the ab- 
- folute term, and ſubſtitute them ſuccęſ- 
 froely in the equation for the unknown 
quantity. That diviſor which, ſubſtitu- 
"ted in this manner, gives the reſult =0, 
be be a root the equation, 
Ex. 1. & — 3ax*þ 24 —-24˙. 8. 
in ＋ abe na 0. 
The ſimple literal diviſors of — 24%, are 
a, b, 2a, 2b, any of which may be inſerted 


for x. Suppoſing x= +8, the equation be- 


comes 
Q'— . 15 —.40 *b 
e 


2 x. x*—2x%—33x+90=0. 


— 


{ whickis obviouſly= 


The diviſors of go are 1, 2, 3, 5, 6, 9, 
10, 15, 18, 30, 45, 90. 

The firſt of theſe diviſors, which being 
inſerted for x, will make the reſult =o, is 


. 
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+3; +5 is another, and it is plain the laſt 
root muſt be negative, and it is —6, 
When z is diſcovered to be a root, the 
given equation may be divided by #—3 
Eo, and the reſult will be a quadratic, 
which being reſolved, will give the other 
two roots, +5 and —6. 

The reaſon of the rule appears from the 
property of the abſolute term formerly de- 
fined, viz. that it is the Roe of all the 
roots, by 


1 avoid” the inconvenience of trying 
many diviſors, this method 18 ſhortened by 
the e 1 ; 


5 n 


Subſtitute in place of the unknown quantity 
ſucceſſively three or more terms of the pro= 
 greſhon, 1, o, —1, &c. and find all the 
diviſors of the ſums that reſult ; then take 

out all the arithmetical progreſſions that 
can be found among theſe diviſors whoſe 
common difference 1s 1, and the values of x 

| will 
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will be among thoſe terms of the progreſ= 
"Sims which are the diviſors of the reſult. 
ariſing from the ſubſtitution of x =o, When 
the ſeries increaſes, the roets will be poſi- 
tive; and when it decreaſes, the roots 
vill be negative. 


EXAMPLE 


Let it be mae to and a root of "yy e- 
quation x*—x*— 10x 6=0, 


The n is tins: . 
l. 1285 i 5 Reſult. | Drvifors. Y Ar. Pro. ro.| 


=+1I Wy 4 7 ME — 41,2, 4, 4 
80 = Op xi—x*—10x+6= 4 + 611,2,3,6, [3 
eee eee e e ＋ 411272142 


In this example there is only one pro- 
greſſion, 4, 3, 2, and therefore 3 is a root, 
and it is —3, ſince the ſeries decreaſes. 


It is evident from the rules for transform- 
ing equations, (Chap. 2.), that by inſerting 
for x, +1(=+e) the reſult is the abſolute 

term NE an Nr of which the roots are 
a ns 


(ms 


leſs than the roots of the given equation 
by 1=#, Cor. 4. Prop. 2. When x=0 the 
reſult is the abſolute term of the given e- 
quation. When for x is inſerted —1 
= —e,the reſult is the abſolute term of an 
equation whoſe roots exceed the roots of 
the given equation by 1 . Hence, if the 
terms of the ſeries 1, o, —1, —2, &c. be 
inſerted ſucceſſively for x, the reſults will 

be the abſolute terms of ſo many equations, 
of which the roots form an increaſing a- 
rithmetical- ſeries with the difference 1. 
But, as the commenſurate roots of theſe e- 
quations muſt be among the diviſors of 
their abſolute terms, they muſt alſo be a- 
mong the arithmetical progreflions found 
by this rule. The roots of the given equa- 
tion, therefore, are to be ſought for among 
| the terms of theſe progreſſions which are 
diviſors of the refult, upon the ſuppoſition 
of x==6, becauſe that K e is its abſolute 


term. 

It is plain that the CE al- 
ways be increaſing, only it is to be obſer- 
ved, that a decreaſing ſeries, with the ſign 
To becomes increaſing with the ſign —. 

0 6 Thus, 
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Thus, i in the preceding example, —4, —3. 
2, is an increaſing ſeries, of which —3 
is to be tried, and it ſucceeds, 13 

If, from the ſubſtitution of three terms 
of the progreſſion, 1, o, — 1, &c. there ariſe 
a number of arithmetical ſerieſes, by ſubſti- 
tuting more terms of that progreſſion, ſome 
of the ſerieſes will break off, and, of courfe, 
fewer trials will be neceſſary. 


UI. Examples of Queſtions producing the 
higher Equations, | 
EXAMPLE I. 

Ht is required to divide 161. between two 
perſons, ſa that the cube of the one's ſhare 
may exceed the cube of the other's by 386. 

Let the greater ſhare be x pounds, ; ; 
And * leſs will be 16—x; 3 
By the queſtion, x —TE= 386 
And by Inv. 2*—48 4 768x—4096= 386 


Suppoſ, Reſults. | Divifors, = 
' If x=+1 3 ;z = 1880 - 1, 2, 4, 5, 8, 10, 20, 
* = CF r 27, 83. 

„ =I; 7 2050 8 ty 2, 5, 10, 25, $3» 
Where 


Y% . 
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Where 8, 9, 10, differ by t ; therefors 
+g i is to be tried ; and being inſerted for x, 
the equation is =o, The two ſhares then 
are 9 and 7 which ſucceed. Since #=9 ; 
x- ꝗꝓ os one of the {imple equations from 
which this cubic 1s produced ; therefore 


#3245 +384%—2241 
| _ 


E=x*— 15x + 2496. 


And the two roots of this quadratic are ims 
| poſſible. | | 


EXAMPLE II. 

What two numbers are thoſe, whoſe product 
multiplied by the greater will produce 
405, and their difference multiphed by the 
lefs 20 2 . | | 


Let the greater number be 45 and the leſs . 


Fine By: « Nunn, 
Then by queſt. 2 eee ag 


Therefore 32 | 
And „ $2 ANA 
ol | . 


Alſo = ä  —a * 1 


Therefore LIE. 405 

* 5 
Mult. and tranſ. 5 407 4097 4-466, 
This 


. 


This biquadratic reſolved 55 divifors, 
gives J=5; and therefore x=9. Alſo, 
CEL ESSE ny 4 ＋ +6539—80= A 
| This cubic equation has one poſitive in- 
commenſurate root, viz, 1.114, &c, which 
may be found by the rule in the next ſec- 
tion, and two impoſſible. The incommen- 
ſurate root y= 1,114, &c. gives x = 19.067, 
&c. and theſe two anſwer the conditions 
very nearly. * 


exanyis m 


i The fum of the ſquares of two numbers 208, 
and the ſum of their cubes 2240 * Li- 
ven, to find them. | 
Let the greater be x +y, and the leſs *—9. 
Then x+j+x—5Þ=2x*%þ25*=208. 
| Hence ) = 104—x*. 
Alſo f =2x —6xy* wage, 
Subſtitute for 3* its value and 2x%+624%— 
6 240. 


This reduced | gives 1 S6 3605 o. 
| | The 
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The roots of this equation are 10, +4, 
14. If x=10 then y=2, and the num- 
bers ſought are 12 and 8, which give the 
only juſt ſolution, If x=4, then y* =88 and 
y = d. The numbers ſought are there- 
fore 44+ 4/88 and 4— 4/88. The laſt is ne- 
gative, but they anſwer the conditions. 
Laſtly, if x=—14, then z*=—92, hence 
= gn, is impoſlible ; bur ſtill the two. 
numbers — 14 + /—92, — 14 — /—92, 
being inſerted, would anſwer the condi- 
tions. But it has been frequently obſerved, 
that ſuch ſolutions are both uſeleſs, and 
without meaning. 


IV. Solution of Equations by Approximation, 


Buy the former rules, the roots of equa= 
tions when they are commenſurate may be 
obtained : Theſe, however, more rarely oc- 
cur ; and when they are incommenſurate, 
we can find only an approximate value of 
them, but to any degree of exactneſs re- 
quired. ae are various rules for this 


purpoſe ; 
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© purpoſe ; one of the moſt ſimple is that of 
Sir Iſaac Newton, which hall now be ex- 
plained. | Fo 
LEMMA. If any two numbers being in- 
ſerted for the unknown quantity (x) in any 
equation, give reſults with oppoſite ſigns, 
an odd number of roots muſt be between 
theſe numbers. { 
This appears from the property of the 
_ abſolute term, and from this obvious maxim, 
that, if a number of quantities be multi- 
_ plied together, and if the ſigns of an odd 
number of them be changed, the ſign of the 
product is changed. For, when a poſitive 


quantity is inſerted for x, the reſult is the 


abſolute term of an equation whoſe roots 
are leſs than the roots of the given equa- 
tion by that quantity, (Prop. 2. Cor. 3. 
Chap. 2.) . If the reſult has the ſame ſign 
as the given abſolute term, then from the 
property of the abſolute term, (Prop. 2. 
Chap. 1.), either none, or an even number 
only, of the poſitive roots have had their 
ſigns changed by the transformation; but, 
if the reſult has an oppoſite ſign to that of 
eee the 


(20% 
the glven abſolute term, the ſigns of an odd 
number of the poſitive roots muſt have been 
changed. In the firſt caſe, then, the quan- 
tity ſubſtituted muſt have been either great- 
er than each of an even number of the po- 
ſitive roots of the given equation, or leſs 
than any of them; in the ſecond caſe, it 
muſt have been greater than each of an odd 

number of the poſitive roots. An odd 
number of the poſitive roots therefore muſt 
lie between them, when they give reſults 
with oppoſite ſigns. The ſame obſervation 
is to be extended to the ſubſtitution of ne- 
gative quantities and the negative roots. 
From this lemma, by means of trials, it 
will not be difficult to find the neareſt inte- 
ger to a root of a given numeral equation. 
This is the firſt ſtep towards the approxi- 
mation; and both the manner of continu- 
ing it, and the reaſon of the operation, will 
be evident from the following example. 


Let the equation be x*—2x-— S250 


I. Find the neareſt integer to the root ; ; 
in this caſe a root is between 2 and 3. for 
theſe 


theſe numbers being inſerted for x, the one 
jo gives a poſitive, and the other a negative 
reſult. Either the number above the root, 
or that below it, may be aſſumed as the firſt 
value; only, it will be more convenient to 
take that which appears to be neareſt to the 
root, as will be manifeſt from the nature of 
the operation. 
2. Suppoſe x=2++/, and ſubſtitute this 
value of x in the equation. 
* I. V 
22K 2 —4—27 
— ==$ 
* —2*— Fx 
If fi is leſs than unit, its powers f * and 
I may be neglected in this firſt approxi- 
mation, and 1of=1, or f=0.1 nearly, 
therefore x=2.1 nearly. 


3. As f=0.1, nearly, let F. 14g. dl 
inſert this value of , in che nt un. 
tion. 


fi= 0.001 45 ogg. 38 455 
22 o. o6 + I, 2g+ 6.g% 
lof= 1 + 10g 
ja | —12—1 | + 
P49 +19f—1 = 0.06 I +11 2238+6.3g* +g7=0 
: : and 
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and neglecting g and g as very ſmall o. 61 
＋ 11.239 = ©, or a — ,0054, 
hence f=0.1+g=.0946 nearly, and x= |, 
2 .0946 nearly. | 
4. This operation may be continued to 
any length, as by ſuppoſing g=—.0054+5, 
and ſo on, and the value of x 2 2.09455 147 


nearly. 
By the firſt ation a nearer value of x 


may be found thus; ſince f=.1 nearly, and 
—1+19f+6/*+/*=0, 
that is JS=— 


T 
= pare 10 ＋. IT Ol MM 
true to the laſt figure, and x= 2,094. 

In the ſame manner may the root of a 

pure equation be found, and this gives an 
eaſy method of approximating to the roots 
of numbers, which are not perfect powers. 
This rule is applicable to numeral equa- 

tions of every order, and, by aſſuming a 
general equation, general rules may be de- 
duced for approximating to the roots of a- 


ny propoſed equation. By a ſimilar me- 
thod we may approximate to the roots of 
literal equations, which will be expreſſed dy 
infinite ſeries, | 
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r oh 
Of the Application of Algebra to Geometry. 
CHAP I. 


CE Gemeral Priviciples, | 


EOME TRT treats both of the mag- 
nitude and poſition of extenſion, 
and their connections. 5 

Algebra treats only of nethitude. There- 
fore, of the relations which ſubſiſt in geo- 
metrical figures, thoſe of magnitude only 

can be immediately expreſſed by algebra. 
| The 


— 


6212) 
The oppoſite poſition of ſtraight lines 
may indeed be expreſſed ſimply by the 
ſigns + and —. But, in order to expreſs 
the various other poſitions of geometrical 


1 figures by algebra, from the principles of 


geometry, ſome relations of magnitude 
muſt be found, which depend upon theſe 
poſitions, and which can be exhibited by 
equations: And converſely, by the ſame 
principles may the poſitions of figures be 
inferred from the equations denoting ſuch 
relations of their parts. 

Though this application of algebra ap- 
pears to be indirect, yet ſuch is the ſimpli- 
city of the operations, and the general na- 
ture of its theorems, that inveſtigations, — 
ſpecially in the higher parts of geometry, 
are generally eaſier and more expeditious 
by the algebraical method, though leſs ele- 
gant than by what is purely geometrical. 

The connections alſo, and analogies of the 
two ſciences eſtabliſhed by this application, 
have given riſe to many curious ſpecula- 
tions; geometry has been rendered far 
more extenſive and uſeful, and algebra itſelf 
has received conſiderable improvements. 

| 45 I. 


{ ans 9 
I. Of the Algebraical Expreſſion of Geometri- 
cal Magnitudes. 

A line, whether known or unknown, is 
repreſented by a ſingle letter; a rectangle 
is properly expreſſed by the product of the 
two letters repreſenting its ſides; and a 
rectangular parallelopiped by the product 
of three letters, two of which repreſent the 
ſides of any of its rectangular baſes, and 
the third the altitude. 

Theſe are the moſt ſimple expreſſions of 
geometrical magnitudes, and any other 
which has a known proportion to theſe, 
may, in like manner, be expreſſed algebrai- 
cally. Converſely, the geometrical magni- 
tudes, repreſented by ſuch algebraical quan- 

tities, may be found, only the algebraical 
dimenſions above the third, not having any 
cotreſponding geometrical dimenſions, muſt 


be expreſſed by proportionals *. 
The 


* All algebraical dimenſions above the third muſt be 
expreſſed by inferior geometrical dimenſions ; and, tho? 
any algebraical quantities, of two and three dimenſions, 
may be immediately expreſſed by ſurfaces and ſolids re- 
ſpectively, yet it is generally neceſſary to expreſs them, 


and all ſuperior dimenſions, by lines, | 
| | | | If, 


The oppoſite poſition of ſtraight lines, it 
has been remarked, may be * by 
the ſigns + and vom. 

5 Thus, 


| ” in any aki inveſtigation by algebra, each 
line is expreſſed by a fingle letter, and each ſurface or 
ſolid by an algebraical quantity of two or three dimen- 
fions reſpectively, then whatever legitimate operations 
are performed with regard to them, the terms in any 
| equation derived will, when properly reduced, be all of 
the ſame dimenſion ; and any ſuch equation may be 
eaſily expreſſed geometrically by means of proportion- 
als, as in the following example. | | 
Thus, if the algebraical equation a4+b4=c4—d2, is 
to be expreſſed geometrically, a, h, e, and d, being ſuppo- 
{cd to repreſent ſtraight lines; let 4: ö: : : g, in con- 
tinued proportion, then 47: b:: a: g and at : a4 +6 2 
:a+g; then let atc: 25: E. and 47 01: :; alſo, 
let c:d: m p, and ca: di :: c: p, or : c- -d: te: 
Cm: By combining the two former proportions, 
(Chap. 2. Part 1.) c“: 44 L441: I: ag, and ee 
the latter with this laſt found, -d: a4 ＋ʃA :: 7 : 


Xl 2c XaÞg; ; therefore rler rs, and e: 5 
tl: ace. | 

If any known line is aſſumed as I, as its powers do 
not appear, the terms of an equation, Including any of 
them, may be of very different dimenſions; and before it 
can be properly expreſſed by geometrical magnitudes, 
the deficient dimenſions muſt be ſupplied by powers of 
the 1. When an equation has been derived from geo- 
metrical ons, the line denoting 1 is known; 3 and 


when 
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- Thus; let a point A be given in the line 


n 


* 


1 . B 
Ap, any ſegment AP taken to the right 
hand, being conſidered as poſitive, a ſeg- 
ment Ap to the left is properly repreſented 
by a negative quantity. If a and 6 repre- 
ſent two lines; and if, upon the line AB 
from the point A, AP be taken towards the 
right equal to a, it may be expreſſed by 4 
a; then PM taken to the left and equal to 
b, will be properly repreſented by —6, for 
AM is equal to a—b:; If a=6b, then M 
will fall upon A, and a—b=o: By the 
ſame notation, if þ is greater than a, M will 
fall to the left of A; and in this caſe, if 
2a=b, and if Pp be taken equal to 6, then 
a—b=—=—8a will repreſent Ap, which is e- 
qual to a, and fituated to the left of A, 
This uſe of the ſigns, however, in particu- 
a | lar 
when an aſſumed equation is to be expreſſed by the re- 
lations of geometrical magnitudes, the 1 is to be aſſumed, 


In this manner may any ſingle power be expreſſed by | 
a line. If it is x5, then to 1, & find four quantities in 


continued proportion, ſo that 1: XK m: p:, then 
1:9 15: x5, or 9, and fo of others. 
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lar caſes, may be precluded, or -in ſome 
meaſure reſtrained.” | | 
The poſitions of geometrical 3 are 
ſo various, that it is impoſſible to give ge- 
neral rules for the algebraical expreſſion of 
them. The following are a few examples. 


An angle is expreſſed by the ratio of its 
fine to the radius; a right angle in a tri- 

angle, by putting the ſquares of the two 
ſides equal to the ſquare of the hypothenuſe; 
the poſition of points is aſcertained by the 
perpendiculars from them on lines given in 
poſition; the poſition of lines by the angles 
which they make with given lines, or by 
the perpendiculars on them from given 
points: The fimilarity of triangles by the 
proportionality of their ſides which gives 

an equation, &. 5 


| Theſe and other geometrical principles 
muſt be employed both in the demonſtra- 
tion of theorems, and in the ſolution of 
problems. The geometrical propoſition 
muſt firſt be expreſſed in the algebraicat 
; | manner, 


: tw) 


manner, and the reſult after the oßeration 
; muſt be-expreſſed geometrically. 


* 2 


1, 25 he Demonfration of Theorems | 


* 


All propoſitions in hich the proportions 
of magnitude only are employed, alſo all 
propoſitions expreſſing the relations of the 
ſegments of a ſtraight line, of their ſquares, 
rectangles, cubes, and parallelopipeds, are 
demonſtrated algebraically with great eaſe: 
Such demonſtrations, indeed, may in gene- 
ral be conſidered as an abridged notation of 
what are purely geometrical. _ 
This is particularly the caſe in 1 thoſe pro- 
poſitions, which may be geometrically de- 
duced without any conſtruction of the 
ſquares, rectangles, &c+ to which they re- 
fer. From the Firſt Propoſition of the Se- | 
| cond Book of Euclid, the nine following 
may be eaſily derived in this manner, and 
they may be conſidered as proper examples 
of this moſt obvious application of algebra 
to geometry. 
If certain poſitions ate either ſuppoſed or 
to be inferted in a theorem, we muſt find, 
Ee | according 


i 
| 
| 
B 
5 
| 

| 
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according to the preceding obſervations, the 
connection between theſe poſitions and ſuch 
relations of magnitude as can be expreſſed 
and reaſoned upon by algebra. The algebrai- 
cal demonſtrations 'of the 12th and 13th 
propoſitions of the 2d Book of Euclid, re- 
quire only the 47th of the I. El. The 35th 
and 36th of the 3d Book require only the 


3. III. El. and 47. I. El. 


From few ſimple geometrical principles 
alone, a number of concluſions, with regard 
to figures, may be deduced by algebra; 


and to this, in a great meaſure, is owing 


the extenſive uſe of this ſcience in geome- 
try. If other more remote geometrical 
principles are occaſionally introduced, the | 
algebraical calculations may be much a- 
bridged. The ſame is to be obſerved in the 
ſolution of problems ; but ſuch in general 
are leſs obvious, and more properly belong 


tothe 1110 geometrical method. | 


III. Of the Solution of Problems.” 


; Upon the ſame principles are geometri- 
cal problems to be reſolved, The problem 
is 
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is ſuppoſed to be conſtrued, and proper 
algebraical notations of the known and un- 
known magnitudes are to be ſought for, by 
means of which their conneQions may be 
expreſſed by equations. It may firſt be 
remarked, as was done in the caſe of theo- 
rems, that in thoſe problems which relate 
to the diviſion of the line, and the propor- 
tions of its parts, the expreſſion of che 
quantities, and the ſtating their relations by 
equations, are ſo eaſy as not to require any 
particular directions. But, when various 
poſitions of geometrical figures, and their 
properties are introduced, the ſolution re- 
quires more attention and ſkill. No gene- 
ral rules can be given on this ſubject, but 
the following obſervations may be of uſe. 


I. The conſtruction of the problem being 
ſuppoſed, it is often farther neceſſary to 
produce ſome of the lines till they meet; to 
draw new lines joining remarkable points; 
to draw lines from ſuch points perpendicu- 
lar or parallel to other lines, and ſuch other 
operations as ſeem conducive to the finding 
of equations; and for this purpoſe, thoſe 

eſpecially 
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eſpecially are to be employed, which divide 
the ſcheme into triangles that are given, 
right ed or ſimilar. | 


2, It is 25 convenient to denote by 
letters, not the quantities particularly ſought, 
but ſome others from which they can eaſily 5 
be deduced. The ſame may be + oblerevd of 


given quantities, 


3. The proper notation being made, the 
neceſſary equations are to'be derived by the 
uſe of the moſt fimple geometrical prin- 
ciples, ſuch as the addition and ſubtraction 
of lines or of ſquares, the proportionality 
of lines, particularly of the ſides of ſimilar 

triangles, Kc. | 


4. There 3 be as many independent 
| equations as there are unknown quantities 
aſſumed in the inveſtigation, and from theſe 

a final equation may be inferred by the 
rules of Part I. \ 


If the final equation from the problem 
be reſolved, the roots may often be exhibi- 
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ted geometrically ; but the geometrical con- 
ſtruction of problems may be effected alſo, 
without reſolving the equation, and even 


without deducing a final equation, by the 
methods afterwards to be explained, 


I the final Cato is ſimple or qua= 
dratic, the roots being obtained by the 


common rules, may be geometrically exhi- 


bited by the finding of proportionals, and 
the addition or ſubtraction of ſquares, 


Buy inſerting numbers for the known 
quantities, a numeral expreſſion of the 


quantities ſought will be obtained by reſol- 
ving the equation. But, in order to deter- 


mine ſome particulars of the problem, be- 
ſides finding the unknown quantities of the 
equation, it may be farther neceſſary to 
make a ſimple conſtruction; or, if it is re- 
quired that every thing . expreſſed in 
numbers, to ſubſtitute a new calculation in 
place of that conſtruQion, 
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To divide a given flraight line AB into two 

parts, ſo that the rectangle contained by 

the whole line, and one of the parts, may 
be equal to the fquare of the other part. 


This is Prop. 11th II. B. of Euclid. 


Ia Benn er 


Let C be the point of diviſion, and let 
AB Sa, AC=x, and then CB=a—x, 
From the problem a*—ax=x*; and this 

equation being reſolved (Chap. V. P. = 
| gore e e 


/ +, is the hypothe- 


nuſe of a right angled triangle of which the 
two fides are a, and 7, and is therefore 
HE a | 4 ho ; 5 4 | | 
eaſily found; — being taken from this line, 


gives x=AC, which 1s the proper ſolution. 
But if a line Ac be taken on the oppolite 
| fide 


ſide of A, and equal to the above mention- 
ed hypothenuſe, together with =, it will 


a 


repreſent the negative root er * — 75 


and will give another ſolution; for in this 
caſe alſo ABXBc=Ac*. But e is without 
the line AB, and therefore, if it is not conſi- 
dered as making a diviſion of AB, this ne- 
gative root is rejected. | 4 
This ſolution coincides with what is gi- 
ven by Euclid, For H er is equal (ſee 
the fig. of Prop. 11th II. B. Eucl. Simſon's 
edit.) to EB or EF, and therefore x— 
Jr - EFA APA; and 
the point H correſponds to Cin the prece- 
ding figure. C1 
Beſides, if on EF EA CE inftead of 
EF—EA =FA) a ſquare be deſcribed on the 
. oppoſite | ſide of CF from AG, BA pro- 
duced will meet a fide of it in a point, 
which if it be called K, will give KBXBA 
—=KA?, K correſponds to c; and this ſo- 
lution will correſpond with the algebraical 
ſolution, by means of the negative root, 


2 
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If CB had been called x, and AC ax, 
the equation would be ax=a*—2ax-þx?, 
5 | : „ \ a! cas o : » | 
which gives &=, in which both 


roots are poſitive, and the ſolutions derived 
from them coincide with the preceding. 
If the ſolution be confined to a point with- 
in the line, then one of the poſitive roots 
muſt be rejected, for one of the roots of the 
compound ſquare from which it is derived 


a 


is „ a negative quantity, which in this 
ſtrict hypotheſis is not admitted. In ſuch 


A problem, however, both conſtructions are 

generally received, and conſidered even as 

Seb to a complete ſolution of it. 
If a ſolution in numbers be required, let 


AB= 10, then x===\/ 1255. It is plain, | 


whatever be the value of AB, the roots of- 
this equation are incommenſurate, though 
they may be found, by approximation, to 


any degree of exactneſs required. In this 


caſe, x = = 11, 1804 = — 5, nearly, that is 


AC = 6. 1803 nearly; and Ac=16, 1803 


nearly. Ss MITT. 5 


PR OB. 
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0 
nn a given Triangle ABC to inſcribe a Square. 
Suppoſe it to be done, and let it be 
EFH G; from A let AD be perpendicular 
on the baſe "We meeting EF in K. 


+ 
Lins BC=a, and A [ 
AD =p, both of | | 
which are given be- 
. cauſe the triangle is E 2 F 


given: Let AK be 
aſſumed as the un- 
known quantity, be- 
cauſe from it the 6 | 
ſquare can eaſily be B ——— — C 
conſtructed, and let i 

it be called x: Then (KD=EG =EF=p 

x, © 

On account of the parallels EF, BC, 

AD: BC: AK: EF; thatis,p: a:: *: p—x, 

and p*—px=ax, which equation being r re- 


ſolved, gives * 
ET 


- Therefore x or AK is a third propor- 
tional to pa, and p, and may be found 
by 11. VI. El. The point K being found, 
the conſtruction of the ſquare is ſufficiently 
obvious. 


F f  PROB. 


PR OM ML 


In the right angled Triangle ABC, the baſe 
BC and the ſum of the perpendicular and 
Ades, BA+AC+AD, being given, to mn 
the triangle. 


Such parts of 
this triangle are to 
be found as are 
neceſſary for de- 
ſeribing it: The 


perpendicular AD C 
will be ſufficient D 


for this purpoſe, and let it be called x: Let 
AB+AC+AD =a, BC=6, therefore 
| BA+AC=a—x: Let BA—AC be denoted 


by y, then BA = , and A=. 


But (47. I. El.) BO*=BA®+AC?, which 
being expreſſed algebraically, becomes 6*— 


4 . a*—2ax+x*+ I; 
—— + — was 3 = * 


wiſe, from a known property of right ang- 
led triangles, BC AD SBA X AC; that 


1 aap ) 


is be= (Ke) Ne. 
2 2 3 
This laſt equation being multiplied by 2, 
and added to the former, gives b*þ2bx 
Sa. - ar , which being reſolved ac- 


cording to che rules of Part I. Chap. 5. gives | 


* -N 2ab+ 255. 
To conſtruct this: a+bi is the ſum * the 
perimeter and perpendicular, and is given; 


M2ab+26= V a+bX26 is a mean pro- 
portional between a- and ab, and may 
be found ; therefore, from the ſum of the 
perimeter and perpendicular, ſubtract the 
mean proportional between the ſaid ſum 
and double the baſe, and the remainder will 
be the perpendicular required. 

From the baſe and perpendicular, the 
e triangle is eaſily conſtructed. 

In numbers, let BA＋ AC TAD = 18. 8 
a; BC=10=6; then AD Sa ＋ b — 

V2ab+26* = 28.8—4/576=4.8=x, and 
BA+AC=14. By either of the firſt equa- 
tions, 72 =26*þ2ax—a*—x*=4 and y= 
BA —AC = 2; therefore BA=8, and 
A0 6. 


The 
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The geometrical expreſſion of the roots of 
final equations ariſing from problems, may 
be found without reſolving them, by the 
interſection of geometrical lines. Thus, 
the roots of a quadratic are found by the 
interſections of the circle and ſtraight line, 
thoſe of a cubic and biquadratic, by the in- 
terſection of two conic ſections, xc. 

The ſolution of problems may be effected 
alſo by the interſections of the loci of two 
intermediate equations without deducing a 
final equation: But theſe two laſt methods 
can only be underſtood by the ders ien td 
he loci of ene, 


CHAP, 


* 
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r 


Of. the Definition of Lines by Equations. 


INES which can be mathematically 

treated of, muſt be produced accor- 
ding ro an uniform rule, which determines 
the poſition of every point of them. 

- This rule conſtitutes the definition of any 
line from which all its other properties are 
to be derived, 

A ftraight line has been „ as ſo 
ſimple, as to be incapable of definition. 
The curve lines here treated of, are ſuppo- 
ſed to be in a plane, and are defined either 
from the ſection of a ſolid by a plane, or 
more univerſally by ſome continued mo- 
tion in a plane, according to particular 
rules. Any of the properties which are 
ſhewn to belong peculiarly to ſuch a line, 
may be aſſumed alſo as the definition of it, 
from which all the others, and even what, 

upon 
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upon other occaſions may have been conſi- 
dered as the primary definition, may be 
demonſtrated. Hence lines may be de- 
fined in various methods, of which the moſt 
convenient is to be determined by the pur- 
poſe in view. The ſimplicity of a defini- 
tion, and the eaſe with which the other 
properties can be derived from it, —_ 
give a preference. 


DEFINITIONS. 


I. When curve lines are defined by equa- 
tions, they are ſuppoſed to be produced by 
the extremity of one ſtraight line, as PM 
moving in a given angle along another 
ſtraight line AB given in poſition, which | is 
called the baſe. 


2 
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IT. The ftraight line PM moving along 
the other, is called an Ordinate, and is u- 
ſually denoted by y. 


III. The ſegment of the baſe AP between 
a given point in it A, and an ordinate PM, 
is called an Ab/c:/s with reſpect to that or- 
dinate, and is denoted by x. The ordinate 
and abſciſs together are called Co-ordinates. 


IV. If the relation of the variable abſciſs 
and ordinate, AP and PM, be exprefſed by 
an equation, which beſides x and y containg 
only known quantities, the curve MO de- 
ſcribed by the extremity of the ordinate, 
moving along the baſe, is called the Locus 


of that equation. 


V. If the equation is finite, the curve is 
called Algebraical *, It is this claſs only 
which is here conſidered. | 
VI. 


* The terms Geometrical and Algebraical, as applied 
to curve lines, are uſed in different ſenſes, by different 


writers; there are ſeveral other claſſes of curves be- 
ſides what is here called algebraical, which can be 
treated of mathematically, and even by means of alge- 
bra. See Scholium at the end, 


K „ 


VI. The dimenſions of ſuch equations 
are eſtimated from the higheſt ſum of the 
exponents of x and y in any term. — Accor- 
ding to this definition, the terms x*, &, 
ẽ 7, xy, , are all of the ſame dimenſion. 


by VII. Curve lines are divided into orders. 
from the dimenſions of their equations, 
when freed from fractions and ſurds. 


In theſe general definitions, the ſtraight 
line is ſuppoſed to be comprehended, as it is 
the locus of ſimple equations. The loci of 
| quadratic equations are ſhewn to be the co- 
nic ſections, which are hence called lines of 
the ſecond order, &c. FE 

It is ſufficiently plain from the nature of 
an equation, containing two variable quan- 
tities, that it muſt determine the poſition 
of every point of the curve, defined by it in 
the manner now deſcribed : for if any par- 
ticular known value of one of the variable 
quantities, as of x, be aſſumed, the equation 


will chen have one unknown quantity only, 
andbeing reſolved, will give a preciſe number 
of 


1 


of correſponding values of Y, which deter- 
mine ſo many points of the curve. 


As every point of the locus of an equa- 
tion has the ſame general property, it muſt 
be one curve only, and from this equation 
all its properties may be derived. It is 
plain alſo, that any curve line defined from 
the motion of a point, according to a fixed 
rule, muſt either return into itſelf, or be 
extended ad myinitun with a continued cur- 


vature. 


The equation, however, is ſuppoſed to 
be irreducible; becauſe, if it is not, che lo- 
cus will be a combination of inferior lines; 
but this combination will poſſeſs the gene- 
ral properties of the lines of the order of 
the given equation. 

It is to be obſerved all along, that the 
poſitive values of the ordinate, as PM, 
being taken upwards, the negative Pm will 
be placed downwards, on the oppoſite ſide 
of the baſe: And if poſitive values of the 
abſciſs, as AP, be aſſumed to the right from 
its beginning, the negative values AP will 


go a 
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be upon the left, and from theſe the points 
of the curve M, m, on that ſide are to be 
determined. | 


In the general definition of curves it is 
uſual to ſuppoſe the co-ordinates to be at 
right angles. If the locus of any equation 
be deſcribed, and if the abſciſs be aſſumed 
on another baſe, and the ordinate be placed 
at a different angle, the new equation ex- 
preſſing their relation, though of a different 
form, will be of the ſame order as the ori- 
ginal equation; ; and likewiſe will have, in 
common with it, thoſe properties which 
diſtinguiſh the equations of that particular 
curve. | 


This method of defining curves by equa- 
tions may not be the fitteſt for a full in- 
veſtigation of the properties of a particu- 
lar curve - but, as their number 1s without 
limit, ſuch a minute inquiry concerning all, 
would be not only uſeleſs, but impoſſible. 
It has this great advantage, however, that 
many of the general affections of all curves, 
1 of the diſtinct orders, and alſo ſome of 
the ö 
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the moſt uſeful properties of particulat 
eurves, may be eaſily derived from it, 


I. The Determination 5 the Fi Furt. . a 
Curve from its Equation. 


The general "pas of the curve may be 
found by ſubſtituting ſucceſſively patticulat 
values of x the abſciſs, and finding by the 
reſolution of theſe equations the correſpon- 
ding values of y the ordinate, and of con- 
ſequence ſo many points of the curve. If 
numeral values be ſubſtituted for x, and al- 
ſo certain numbers for the known letters, 
the reſolution of the equation gives nume- 
ral expreſſions of the ordinates; and from 
theſe, by means of ſcales, a mechanical de- 
ſcription of the curve will be obtained, 
which may often be uſeful, both in point- 
ing out the general diſpoſition of the fi- 
gure, and alſo in the practical applications 
of geometry. E 

Some more general ſuppoſicions ray be 
of uſe in determining the figure; but theſe 

can 
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can be ſuggeſted only from the particular 
form of the equation in view. By ſuppo- 
ſing x to have certain relations to the known 
quantities, the values of y may become more 
ſimple, and the equation may be reduced to 
ſuch a form as to ſhew the direction of the 
curve, and ſome of its obvious properties, 


The following general obſervations may 

alſo be laid down. | | 

1. If in any caſe a value of y vaniſhes, 
then the curve meets the baſe in a point de- 
termined by the correſponding value of x. 
Hence by putting 7 eo, the roots of the e- 
quation, which in that ſituation are values 
of x, will give the diſtances on the baſe 
from the point affumed as the e mae of 
x, at which the curve meets it. 


2. If at a e value of x, y becomes 
infinite, the curve has an infinite arc, and 
the ordinate at that point becomes an a- 


ſymptote. 


3. If, when becomes infinitely great, 
7 vaniſhes, the baſe becomes an aſymptote. 


+ 
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4. If any value of y becomes e 
then ſo many interſections of the ordinate 
and curve vaniſh, If at any value of x all 
the values of x become impoſſible, the ordi- 
nate does not there meet the curve. 4 


5. If two values of) become equal, and 
have the ſame ſign, the ordinate in that ſi- 
tuation either touches the curve, or paſſes 
through an interſection of two of its brau- 

ches, which is called a punqdtum duplex, or 
through an oval become infinitely little, 9 
called a punctum conjugatum. 


In like manner is a punctum triplex, &c. 
to be determined. 
* : 


The following example will illuſtrate 
this doctrine. 


Let the equation be ay & Tx: 
x3 + ba? To ad 
Therefore, * DR and = / = 


Let AB be aſſumed as a baſe on which 
the abſciſſes are to be taken from A, and 


the ordinates perpendicular to it. 


Since 


6 238) 
Since the two values of y are equal, but 
have oppoſite ſigns; PM, and Pm which 
repreſent them, muſt be taken equal to each 
other on oppoſite ſides of AB; and it is 
plain that the parts of the curve on the two 
ſides of AB, muſt be every way ſimilar and 
equal. 

If x is 3 equal to a, hw r = 
which is an algebraical expreſſion for iok- 
nity ; therefore, if AC is taken equal to a, 
the perpendicular CD will become an aſ- 
ſymptote to the curve, which will have two 
infinite arcs (Obſ. 2.). If x is greater than 
a, the quantity under the radical ſign be- 
comes negative, and the values of y are im- 
poſſible; that is, no part of the curve lies 
beyond. CD (4.). 175 
Both branches of the curve paſs through 

A, ſince y=0, when &=0o (1.). Let æ be 


negative, and 7 * — 5 the values 
of 7 will be potlible, if x is not greater than | 
6; bur, if x=b, then yo, and if x is 
| greater than b, the values of y become im- 
poſſible; that is, if the abſciſs AP be taken 
to the left of A, and leſs than 5, there will 
5 be 
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be two real equal values of y, viz. PM, 
Pm on the oppoſite ſides as before ; if AE be 


taken equal to-b the curve will paſs through 
E, and no part of it is beyond E 55 and 


4)- 


The portion between A Ang E Is called a 
Modus. 1 
If. 7 be put So, then the values of x are 
o, o, —b, That is, the curve paſſes twice 
through A, or A is a punctum duplex, and 
it paſſes alſo through E as before (1.). ' 
The mechanical deſcription of curves, 
mentioned in the beginning of this ſection, 
may be illuſtrated by the preceding ex- 
ample. For this purpoſe, let any numeral 
values 
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values of a and & be aſſumed ; and if ſuc- 
ceſſive numeral values of x be inſerted, cor- 
reſponding numeral values of y will be ob- 
| tained, by which ſo many points in the 
curve may be conſtruQed. 

Let AC=a=10; AE=b=12 ; and, firſt 


| = * I, then y= *, M == 


+ 1.2 nearly, which gives the length of the 
ordinates when the abſciſs is 1; and in the 
ſame manner are the ordinates to be found 
when x is 2, 3, or any other number. 


8 Fa ist. chen pb. I Z=12. 73 


nearly; and if AP be taken from the ſcale 
of equal parts (according to which AB and 
AE are ſuppoſed to be laid down) and e- 
qual to 6, then PM, Pm, being taken from 


the ſame ſcale, each equal to 12. 73» will 
give the points of the curve M, m. In 


like manner, e 9/i= * 


3. 58, nearly, and if AP=9, then PM, Pm 
being taken from the ſame ſcale equal to 
3.58, will give the points M, m. In the 
ſame 
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ſame manner may any number of points be 
found, and theſe being joined, will give a 
repreſentation of the curve, which will be 
more or lefs juſt, according to the number 
of points found, and the accuracy of _ 
ſeveral operations employed. 
By the ſame. methods the locus of ay 
other equation is to be traced : Thus, by 
varying the former equation, the figure of 
its locus will be varied. If ö go, then the 
points A and E coincide, the nodus vaniſh- 
es, and A is called a Cuſpis. | 
II b is negative, then E is to the * of 
A, which will now be a punctum conjuga- 
tum. The reſt of the curve will be between 
E and C, and CD becomes an aſymptote. 
If ago, then — a X - or = bx 
„, which is an equation to the circle of 
which b RE is the diameter. | 


IL. General 1 of Curves from their 
* 


| The cont) properties of equations lead 
to the general affeQiqns of carve lines, For 
example, : | | 

OY OO 
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K ftraight line may meet a curve in as 
many points as there are units in the di- 
menſion of its equation; for ſo many 
roots may that equation have. An aſymp- 
tote may cut a curve line in as many points 
excepting two as it has dimenſions, and 
no more. The ſame W I be ehe of 
the tangent. 15 1 
Impoſſible roots enter an equation, 15 
pairs, therefore the interſection of the or- 
dinate and curve muſt vaniſh by pairs. 
The curves of which the number expreſ- 
ſing the order is odd, muſt have at leaſt two 
infinite ares; for the abſciſs may be ſo aſſu- 
med, that, for every value of it, either po- 
ſitive or negative, there muſt be at leaſt one 
value of Y, &c. 
The properties of the coefhcients of the 
terms of equations mentioned Part II. Ch. I, 
furniſh a great number of the curious and 
univerſal properties of curve lines. For ex- 
ample, the ſecond term of an equation is 
the ſum of the roots with the ſigns chan- 
ged, and if the ſecond term is wanting, the 
poſitive and negative roots muſt be equal. 


From this it is eaſy to demonſtrate, That, 
| if 
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if each of two parallel ſtraight lines meet 
a curve line in as many points as it has di- 
menſions, and if a ſtiaight line cut theſe 
two parallels, ſo that the ſum of the ſeg- 


ments of each on one ſide be equal to the 


| ſum of the ſegments. on the. other, this 


ſtraight line will cut any other line parallel 


to theſe in the ſame manner.” Analagous 
properties, with many other conſequences 
from them, may be deduced from the 
compoſition of the coefficients of the other 
terms. 

Many properties of a particular order of 
curves may be inferred from the properties 
of equations of that order. Thus, *f a 
ſtraight line cut a curve of the third order 
in three points, and if another ftraight line 
be drawn, making a given angle with the 
former, and cutting the curve alſo in three 
points, the parallelopiped by the ſegments 


of one of theſe lines between its interſection 


with the other, and the points where it 
meets the curve, will be to the parallelopi- 
ped by the like ſegments of the other line 
in a given ratio.” This depends upon the 
, compoſition of the abſolute term, and may 
be extended to curves of any order. 


1 


0 
* 
2 


| 
| 
i 
| 
E 
| 
| 
? 
| 
| 


—— 2 Ss LR, ies. HA CIO 24". RI EE wot A EE pt Et Er A ˙ ů —— —— — — 
> ” - 


( 244 ) 
III. The Subdivifion of Curves. 


A8 TRY are divided i into orders from the 
dimenſions of their equations, in like man- 


ner, from the varieties of the equations 


of any order, may different Genera and 
1 of that Order 172 8 450 
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ties, may the affeftions of the particular 
curves be diſcovered. 
For this purpoſe a complete general equa- 


tion is aſſumed of that order, and all the va- 
rieties in the terms and coefficients which 


can affect the figure of the locus are enu- 
merated. _ | 

It was formerly 84 that the equa- 
tions belonging to any one curve, may be 
of various forms, according to the poſition 


of the baſe, and the angle which the ordi- 


nate makes with it, though they he all of 


the ſame order, and have alſo certain Pro- * 
perties, which diſtinguiſh them from the o- 

ther equations of that order. 
Ihe locus of ſimple equations is a frarght 
line. There are three ſpecies of lines of the 
ſecond order, which are eaſily ſhewn to be 
| the 


* 


\ 
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the conic ſectious, reckoning the circle and 


ellipſe to be one. Seventy-eight ſpecies | 


| have been numbered of the third order: 
And, as the ſuperior orders become too nu- 
merous to be particularly reckoned, it is u- 
ſual only to divide them into certain gene- 
ral claſſes. | 

A complete arrangement of the curves of 
any order, would furniſh canons, by which 
the ſpecies of a curve whoſe equation is of 
that order might be found, 


IV. 07 the place of Curves deſiued from o- 
ther principles, in the Algebraical Syſtem, 


If a curve line be defined from the ſec- 
tion of a ſolid, or from any rule different 
from what has been here ſuppoſed, an e- 
quation to it may be derived, by which its 
order and ſpecies in the algebraical ſyſtem 


may be found. And, for this purpoſe, any 


baſe and any angle of the co-ordinates may 


be aſſumed, from which the equation may 
be 
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be moſt eaſily derived, or may be * the 


moſt ſimple form. 

The three Conic Sections are of the ſecond 
order, as their equations are univerſally 
quadratic ; the Cifſo:d of the ancients is of 
the third order, and the forty-ſecond ſpecies, 
according to Sir Iſaac Newton's enumera» 


tion; this is the curve defined by the equa- 
tion in page 241, when þ=0. The curve 


delineated. in page 239 is the 41ft ſpecies, 
When 6 is negative in that equation, the 
locus is the 43d ſpecies. The Conchoid of 


Nicodemes is of the fourth order; the Cafi- 


nian curve is alſo of the fourth order, &c. 
It is to be obſerved, that not only the firft 

definition of a curve may be expreſſed by an 

equation, but likewiſe any of thoſe theo- 


rems called loci, in which ſome property is 
- demonſtrated to belong to every point of 


the curve. The expreſſion of theſe propo- 
ſitions by equations is ſometimes difficult; 
no general rules can be given ; and it muſt 
be left to the ſkill and experience of the 
learner, 


SCH o- 
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This method of treating curve lines by 
equations, beſides the uſes already hinted at, 
has many others, which do not belong to 
this place ; ſuch are, the finding the tan- 
gents of curves, their curvature, their areas 
and lengths, &c. The ſolution of theſe 
problems has been accompliſhed by means 
of the equations to curves, though by em- 
ploying, concerning them, a method of rea- 
ſoning different from what has been here 
explained, 13 
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I. Conſtruction of the Loci of Equations. 


6. 


FE deſcription of a curve, according 
to the definition of it, is aſſumed in 


geometry as a Poſiulate *, 


If 


A poſtulate in geometry ſeems to be improperly 


called a mechanical principle. No geometrical line 


whatever, not even the ſtraight line or circle, can be 
deſcribed mechanically according to the mathematical 


definition ; and therefore the ſolutions of problems by 
the conic ſections, or by any of the higher orders, is 


to be conſidered, in theory, as equally perfect with 


thoſe by the circle and ſtraight lines. It is a rule in 
ſtrict geometry, not to employ a curve line in the ſo- 
lution of a problem, if it can be performed by means 


of a line of an inferior order; but, when a practical 


| ſolution is required, then thoſe lines, of whatever or- 


der, or of whatever claſs, and thoſe methods of de- 
| | ſeribing 


Ti 


1 
If che properties of a particular curve are 
inveſtigated, it will appear that it may be 
' deſcribed from a variety of data different 
from thoſe aſſumed in the poſtulate, by de- 
| monſtrating the dependence of the former 
upon the latter. 7 
As the definitions of a curve may be va- 
rious, ſo alſo may be the poſtulates, and a 
definition is frequently choſen from the 
mode of deſcription connected with it, The 
particular object in view, it was formerly 
remarked, muſt determine the proper choice 


of 


ſcribing them are to be preferred, by which the con- 
ſtruction required may be moſt eaſily and accurately 
performed. Thus, even the 2d and 3d Prop. of I. B. 
of Euclid are conſtructed in praftice, with much 
more eaſe and accuracy, by transferring a diſtance in 
a pair of compaſſes, than by the methods there de- 
ſcribed; but that principle not being aſſumed by Eu- 
 clid as a poſtulate, could not be admitted in the con- 
ſtruction of any problem in his elements. There are 
but few mechanical operations which admit of tole- 
rable accuracy, and hence the great advantage of a- 
rithmetical calculations in the practical arts founded 
on geometry. By theſe the more complicated con- 
ſtructions of geometry are reduced to thoſe ſimple o- 
perations which are found by experience to be ca- 
pahle of greateſt exaftnels 
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of a definition ; the ſimplicity of it, the 
eaſe with which the other properties of the 
figure may be derived from it, and ſome- 
times even the eaſe with which it can be 
executed mechanically, may be conſidered 

as important circumſtances. | 
In the ſtraight line, the circle, the conic 
ſeQions, and a few curves of the higher 
orders, the moſt convenient definitions, and 
the poſtulates connected with them, are ge- 
nerally known and received. An equation 
to a curve may alſo be aſſumed as a defi- 
nition of it, and the deſcription of it, ac- 
cording to that definition, may be conſidered 
as a poſtulate; but, if the geometrical con- 
ſtruction of problems is to be inveſtigated 
by means of Algebra, it is often uſeful to 
deduce from the equation to a curve thoſe 
data, which, from the geometrical theory of 
the curve, are known to be neceſſary to its 
deſcription in the original poſtulate, or in 
any problem founded upon it. This is 
called conſtructing the locus of an equation, 
and from this method are generally derived 
the moſt elegant conſtructions which can be 
obtained by the uſe of algebra, In the fol- 
lowing 


| 
| 
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| lowing feftion, there is' an example of A 


problem reſolved by ſuch conſtructions, | 

Sometimes a mechanical deſcription of a 
curve line defined by an equation is uſeful ; 
and, as the exhibition of it by ſuch a motion 
as is ſuppoſed in that definition, is rarely 
practicable, it generally becomes neceſſary 
to contrive ſome more ſimple motion which 


may in effect correſpond with the other, 
and may deſcribe the curve with the de- 


gree of accuracy which is wanted. Fre- 
quently, indeed, the only method which 
can be conveniently practiſed, is the finding 


a number of points in the curve by the re- 


ſolution of numeral equations, in the man- 
ner mentloned in Sect. 1. of this Chapter, 
and then joining theſe points by the hand ; 
and, though this operation is "elit 
imperfect, it is on ſome occafions uſeful. 


II. Solution of Problems. 


The ſolution of geometrical problems by 
algebra is much promoted, by deſcribing 
e e 


( 253 } 


the loci of the equations TO from theſe 
problems. 

For this purpoſe, equations are to be de- 
rived according to the methods formerly 
deſcribed, and then to be reduced to two, 
containing each the ſame two unknown 
quantities. The loci of theſe equations are 
to be deſcribed, the two unknown quanti- 
ties being conſidered as the co-ordinates, 
and placed at the ſame angle in both. The 


8 co-ordinates at an interſection of the loci 


will be common to both, and give a ſolu- 


tion of the problem. 
The ſimplicity of a conſtruction obtained 


by this method will depend upon a proper 
notation, and the choice of the equations of. 
which the loci are to be deſcribed, Theſe 
will frequently be different from what 
would be proper in a different method of 
ſolution, 


P-R- © -B. 
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To fud « a point Pi in the hoſes th i given thin 
angle ABC, ſo that the ſum of the ſquares 
of FE, FD drawn from it perpendicular 
upen the two fides, may be equal to a gi- 

Ven pace. | 


Draw BA, CG perpendicular on the two 
_ and let FD= 3 
FE=y, BF = x, 
BO=k BH =P, CG 
r, and the 54 
ſpace FD* T {Hon 


From ſimilar tri- 
2 Six 4b: 7 D 


bx 


Alſo —2: :: G P 
and bt there- 


bx 4 * 
fore = = mb ; that is, pe ar an e- 


quation to a raight line, 


But 
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But &, =, of which the locus is a 


circle, having m for the radius. By con- 
ſtructing theſe loci, their interſection will 
give a ſolution of the problem. 


Let KL=CG (r) be at right angles to 
LM=BH (=), join | 
KM, to which, let LN 
be parallel ; LN is the 
locus of \the equation 
7 7 — =, for, let 
any line OP Q be 
drawn parallel to M, K 


it 
i 
| 
| 
: 
- 


1 KP=x, then PQ= 
| 7 —, and OO = LM p, 


therefore PO = oy 

9 

r : | . N 
About the center 

K, with a diſtance e- 

qual to the line , let 


a circle be deſcribed; that circle will be the 


locus of the equation m*=x*4+53, for it is 


plain that if OP be any perpendicular from 
the circumference upon KL, KP being x, 
OP will be y. Either of the points therefore 
in which theſe two loci interſe& each other, 
as O, will give OP an a ordinate in both equa- 


tions, 


— — — — — 
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tions, KP being the common abſciſs ; there. 
fore KP, OP are the two perpendiculars re- 
quired, from which the * F is eaſily 

found. | 
Ihe conſtruction might have boen made 
on figure 1ſt, with fewer lines. If the circle 
touches LN, there is only one ſolution 
which is a minimum; and if the circle does 
not meet LN, the problem becomes i im- 

poſſible. 

When the circle touches LN. the 1 
; m muſt be equal to the perpendicular from 
K on LN, or from L'on n KM. This per- 


f RE a 
pendicular is equal to 72 s, or a fourth 


3 proportional to MK, KL, and LM, and its 
ſquare therefore is the leaſt ſum of the 
ſquares of the perpendiculars from a point 

in the baſe on the two ſides. 2 » 

It may be remarked alſo, that the point 

which gives the ſum of the ſquares a mi- 

nimuin, is found by dividing the baſe, in 

the proportion of the ſquares of the two 
ſides of the triangle; and this is:eafily de- 
monſtrated from the preceding conſtrue- 


tion, 


PR OB. 
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£3309 1 # IM R O B. V. 
| Bald to given Lives to find two mean 

85 * Proportionale. 

Let the lines be a and 6, and let the two 
means be x and 75 therefore a: & :: b, and 
hence ay, and x= „which are both 
equations to the parabola, and are eaſily 
conſtructed. The co-ordinates at the inter- 
ſection of theſe two loci, will be the. means 
required. 5 

If one unknown quantity 657 is aſſu- 
a med, or if it is convenient to deduce a fi- 
| =o equation containing only one, the con- 
| ſtruction of the roots is to be obtained by 
the method mentioned i in the n next een. 


14 


Q » 11 1 5 . 4 1 * 8 
. n ; 1 b 
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The conſtrudtions of the two preceding 
e are geometrical; but it is ſome- 
K times 


# Cl 
— =» Ir = — * 1 » * * re 2 ö ca . . 
WE _— —— 


4 42 

times convenient to have a practical ſolu- 
tion, by the mechanical deſcription either 
of the algebraical lines employed in the ge- 
ometrical ſolution, , or of other geometrical 
lines by which it can be effected. But few 
of theſe are tolerably accurate, ſo that, in 
general, by means of calculation, the prac- 

tical operations are all reduced to what may 
be performed by a a rule and a compaſs. | 


J 


1, cfm of Equations, 7 


The x roots 5 of a an Woe IP containing o on- 
ly one unknown quantity, may be found 
by the interſection of lines, the product of 
whoſe dimenſions i is equal to the dimenſion 
of chat equation. And hence problems are 
reſolved without an algebraical ſolution of 5 
the equation ariſing from them. 

Thus cubic and biquadratic equations : 
may be conſtructed by the interſections of 
two conic ſections as the circle and parabo- 
la, which are 2 aſſumed as __ 
moſt eaſily deſcribed. | 

In order to find theſe Nt TOE a new 
equation is to be aſſumed, containing two 

- variable 
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variable quantities, one of which is the un- 
known quantity of the given equation, and 
the other by ſubſtirution is to be inſerted al- 
ſo in the given equation; the interſection 
of the loci of theſe equations will exhibit 
the roots required. 

Canons may be deviſed for the conſtruc- 


tion of particular orders, without afſuming 


the new equation. 
The final equation from Prob. 5. would 


be & b, which being conſtructed accor- | 


ding to the rules, exhibits the common geo- 


metrical ſolution - of chat problem by the 


cirele and parabola, 

If an equation be aſſumed, as ay =x?, the 
* by ſubſtitution, becomes xy=ab ; the 
locus of the former is a parabola, and of the 
latter an hyperbola, one of its aſiymptotes 
being the baſe, and the co-ordinates at 
their interſection will repreſent xandy; the 
firſt of the two means is x, and in this caſe 
is the other, | 

Equations alſo might be aſſumed 0 1 as to 
give a ſolution of this problem by other 
combinations of two of the cenic ſeQior: 18, 
one of them not being the circle, 

As 


— E 
> Be IE 


©, 
4. 
by | 
| 
; ? 
* 
oy 
n 
: 


(26) 


As geometrical magnitudes may 'be re» 
preſented by algebra, ſo algebraical quanti- 
ties and numbers may be repreſented by 
lines. Hence this conſtruction of equations 
has ſometimes been uſed as an eaſy method 
of approximation to the roots of numeral 
equations, For this purpoſe, the neceſſary 
ſtraight lines muſt be laid down by means 
of a ſcale of equal parts, and the curve lines, 
on whoſe interſection the conſtruction de- 
pends, muſt be aQually deſcribed; the li- 
near roots being meaſured on the ſeale, will 
give the numbers required. Theſe opera- 
tions may be performed with ſufficient ac- 
curacy for certain purpoſes ; but, as they 
depend on mechanical principles, the ap- 
proximation obtained by them cannot be 
continued at pleaſure; and hence it is ſel- 
dom uſed, except in finding the firſt ſtep of 
an approximation, which is to be carried 

on by other methods. | 


SCHOLIVUM, 


If the relation between the ordinate and 
abſciſs be fixed, but not expreſſible by a 
„ | finite 
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finite equation, the curve is called Mecha- 
nical * or Tranſcendental. This claſs is alſo 
ſometimes defined by equations, by ſuppo- 
ſing either x or y in a finite equation to be 
a curve line, of which the relation to a 
ſtraight line cannot be expreſſed in finite 
e 

If the variable quantities æ or enter the 
exponents of any term of an equation, the 
locus of that equation 1s called an Exponen- 


tial Curve. | | 
Many properties of theſe two claſſes of 
curves may be diſcovered from their = ze 


tions. 


*The term Mechanical, in this place, is uſed 
merely as the name of a particular claſs of curves, 
without implying that they have any more depen- 

. dence on the principles of Mechanics or Phyſics, 
than the algebraical curves which have been treated 
of. | 
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Continued Fractions. 


1. Hk manner of reducing fractions 
to their leaſt terms has ſuggeſted 
another form, in which it is often conve- 
nient to have them expreſſed, The nature 
of this form, or of what is called a conti- | 
mutd fraction, will be eaſily underſtood by 1 
an example. | = 


Let there be given LED, or, which is 


: 


% LO, Mocs Ts 
the Pony 30+ 2259 ce 100000==7 x 


fore 14959 — 1419 
14159-+887, there ore, ro 5 1417597887 


314159 
—— 
9 887 „4 and 760800 3, 38 A 


14159 | 774155 


Now, 


F 


%% 
887 887 1 
Now, 73159 14155 — N 7 5 2 8. and 


N. 
8 
1 


k 3 8 7 
5+ 1 $ . 1 : 1 a Fo 
*. „ ; 


ſubſtituting this for 7 - — 5 in the value of 
33 314159 
160600 already found, we have 15000 


ene ö MOR n 
2 1 Ne FAR — 


2 4-4 . 
844 * * N 


. 
ing ſubſtituted as dn gives 180000 
1 ; 
3 1 2 4 £ ＋ a 
Lym 3 nl 13 Ird- Zou #3, 33 141441 2 . 
| F 33, 
, I — . — 
: ; 85 


By continuing to reſolve the fraction 8 5% 


and thoſe formed from it, in the Gs: man- 


h 3 . £0 — 1 by 
m_ e $54 254.29 „„ 


= 
++ 4.5 : 


1 wel, 8 i 
, 4 —. 

= 7 of 1 4 
2. 


to) 


2. By the ſame means, may, —— fe 
tion be 9 into the form, f 


_ 2 15 * * 
and it is then called a continued fraction. 
This formula may be expreſſed in words, 
by. ſaying, that the reciprocal of & is to be 
added to c, the reciprocal of that ſum to 5, 
and the reciprocal of this laſt ſum to a, in 


order to have the fraction e 


KY The, inverſe of the preceding opera- 
tion, or that by which a continued fraction 
is reduced into the form of an ordinary 
one, is eaſily derived from this explana- 
tion. Thus, if the fraction be 


} 


then the reciprocal f 4 added to c, or. 


. the reciprocal of which, 


— being: REY. to b, a bÞ= 


cd+1 


— 
cd T1 


; n the reciprocal of this laſt, 


5 
VIZ, 


#* 


f 8: } 
vie #41 bein ; added to a, gives 
' + 0-+4.' 7 os. ien * 8 . 
abedpab+ad+cd +1 — | 


r N 11. : * 


WF q 5 


ihe One of: the chief 3 e 
from this manner of expreſſing fractions is, 
that it enables us to find à ſeries of other 
fractions that approach in value to any gi- 
ven one, and each of them expreſſed in the 
leaſt numbers panes | 


Thus, 3 in the given © example 214155 CELL „which 


i is | known to expreſs meacly bai . 


of the circumference of a circle to ity dia- 
meter, and which we may call x, if we take 


only the two firſt terms of the continued 


fraction i into which it was refolved, viz. 


37 we have n= 13  nearly'; 7 and this is 


the Seca of Archimedes. 


If we take the three firſt "IDPs we e have 


12 | ,=3+75 = =, 


which i is nearer to the wot than the ker, 5 
And, 


( 7) 


And, if we take the four firſt terms, making 


1 355 
= 1 3 


we have the proportion of Metius, more 
exact than either of the preceding. Theſe 
reſults are alternately greater and leſs than 
the truth, | 
F. Among 3 fractions, thoſe 
have been peculiarly diſtinguiſned in which 
the denominators, after a certain number 
of changes, are continually repeated in the 
ſame order. Such is the fraction 


3 ＋, &c. 


The amount of this fraction, though con- 
tinued ad inſinitum, may be eaſily found; 
for, if x be the amount of all the terms but 
the firſt, heli is an integer, (=1 } ſo that 


Then, ſince, after the 2d, all the fractions 
return in the ſame order, their amount is 
alſo = Xx; therefore" 


* — 


— — 1 —— , ]—§⏑‚—‚⏑ . 7 NIE os 9 Ie — _ 


. 
£Y) 3 a3 
put 


| 3+x 
1 pay EET and *. + 37 5 2 and 


— 


9 pus e Therefore oP 5 or the 


_ ir 
whole ſeries, „ 


= 


- Tn general, if b — 4 1 


5 7 + * 


the denominators did not return in the ſame 
order till after a greater interval, the value 


of the fraction would ſtill be expreſſed by 


the root of a quadratic equation; and con- 
verſel y, the roots of all quadratic. equations 
may be expreſſed by periodical continued 
fractions, and by that means may often be 
very readily approximated in numbers, 


without the extraction of the ſquare root. 


6. The e of decimal, into che 


form of continued fractions, ſometimes ren- 


ders the law of their continuation evident. 


\ 


„ 
Thus, we know that 2 14121356 ＋ 
but, from the bare inſpection of this deci- 
mal, we diſcover no rule for its farther 
continuation, If, however, it be reduced 
into a continued fraction, we find it 


19, 
2 ju _—_ 

| | T 2 +, &c. 
and we ſee in what manner it may be car- 
ried on to any degree of exactneſs. 
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No. II. 


Indeterminate Problems; 


D HE indeterminate problems of the 

firſt and ſecond order, after all the un- 

known quantities, but two, have been exter- 
minated, lead to equations of four different 


forms, 
J. 
+I 
In. 
IV. 


* 


# 


9 


7 | 


I! 


[ 


ab bx 


C 


a 
© 


Se 


aT 


c+dx » 


* JF beÞ ow: 


In all theſe formulas, a; b, c, d, denote 


given numbers; In the three firſt, x is to 


be 


8623 


be found, ſo that y may be an integer; 
and, in the fourth, x is to be found, ſo that 
may be a rational quantity. 


1. When y= =, che kaibddon depends 


on the rule for deducing a fraction to its 
loweſt terms. =" the text, page 125. 


a 


2. When y =; it is plain that, in 


order to have J an integer, Sha muſt be 
a diviſor of a. Let d be one of its divi- 


ſors, then, if b+cx=d, e 3 ſo that 


among the diviſors of a, Te find one, 

if poſſible, from which þ being taken a- 
way, the remainder may be diviſible dy 6 
the quotient is a value of . : 


3. When) g ie if 4 be a diviſor of 
b, x will be taken out of the numerator, if 
we divide it by dx te; and this form is 
then reduced to the preceding. But, if d 
is not a diviſor of 6, multiply both ſides by 


4 the 4% ==, or, dividing b4x+ad 


K 
by dx Tc, dy =b+ = d and ſo x is found 


by making c+dx a to a diviſor of 


| Example. 
Let 2xy4+x+3= 195; then p(2x+1)= 
195—, and e Therefore 252 


| 390=2 = mx +. 297. . Now 391=17X 23, 


I +2X 


and if aer x=8, and y=11. - 


4. When y= Ja PD bc, and x is to 
be found, ſo that y may be a rational quan- 
tity. Here there are four caſes, according 
to the nature of the cocfficients a, b, and c. 


Ino, If abe a ſquare Ag as for inſtance © 
955 ſo that the formula is Ab cx : 
Suppoſe V Pb Per = + mx, then 
g*+bx+cx* eee „ or bx 

cx mgx mx, that is, S fe = 2m 


ü . "abs + 
Tux, and = WE 4 


If 


4 
Ik for x this value of it be ſubſtituted in 


the given formula, i its irrationality will diſ- 


appear, and /g T- Per = Eminent, 


c- mn 


m may be aſſumed, therefore, equal to any 
quantity, poſitive or negative, integral or 
fractional, and the correſponding value of 
will anſwer the conditions preſcribed. 
2do, If 1 be a ſquare number, as g*, 


then let V a TUN TN n gx. Hence 
The Hg c. Kang HG, or a+bx 


5 -zmgx. Therefore x — : | 
m*-|- 21mg 99 and 


Fend ee. Here m, as 


2mg 
before, may be aſſumed at pleaſute, 
3tio, Though neither a nor c are ſquare 
numbers, yet if a+bx+cx* can be reſol- 
ved into two {imple factors, as + gx, and 
b+kx, the irrationality of the formula may 


be taken away. For, let Jab TC CN 
Ne), and 
Ger ( bh =n*(/+gx/)*, or b+ke 
= (FRO, and * E — By the ſub- 
ſtitution of this value - , ps being aſſu- 


med 


s 
med at pleaſure), the irrationality will be 
removed, as before. 

4to, The fourth caſe, in which the for- 
mula a+bx+cx* may be rendered a com- 
plete ſquare, is when it can be divided 
into two parts, one of which is a complete 
ſquare, and the other a product of two 
ſimple factors. For a+bx+cx* is then of 
the form p*—9r, p, 9, and er, being quan- 
tities into which there enters no power of 
x higher than the firſt : And, if we aſſume 
Hp Tor p ung, p* will be extermina- 
ted, and the remainder, being divided by 
9, will be a ſimple equation, from which 
x may be eaſily determined. 


Theſe methods of removing the irra- 
tionality of the preceding formula are to 
be particularly attended to, as being of great 
uſe in the higher geometry. 
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No. III. 


Extermination of unknown Quantities, and 
of g 


I, H E extermination of b 

quantities, from ſimple equations, 
may always be performed by ſubſtitutions, 
but ſometimes more eaſily by the addition, 
and ſubtraction of the equations themſelves. 
This laſt method will be beſt ApEn 6a 
an example. 


Suppoſe that ax CH c, a dx =g; 


where a, b, c, &c. are given quantities, 


that may be either poſitive or negative. 
To exterminate 3, multiply the firſt equa- 
tion by /, the coefficient of 7 in the ſecond, 
57251 Nn and 


— — 3822 « 


3 8 — — 
— 


— 5 — — — — 2 — 
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and the ſecond by , the coefficient of y in 
the firſt, and ſubtract the latter from, the 
former ; we have 
Ge bh er 
Bax g. 
And therefore af. -g, 
Or * 2 22 


In the ſaſne _ag—d 
| . = 


Let there be now three V 
CS and three equations, viz, 
| ax+by+cz do, 
J*+8g3 +hzÞ+ 1=0, 
m THEO | 
multiply the firſt by b, and the ſecond by 
ec, then, by the ſubtraQtion of the one from 
the other, 2 will be exterminated ; for 
©} abx+bhy4+chz+db=0. | 
Heeg eb ＋ cl =o, _ 
and (ab- ＋ (bh cg h -o. 
In the ſame manner, an equation with- 
| out z, is found from the gend and third, 
Viz. 


enge 0 gp—bn)5+lp—by=0- 


From 


4 19 ) 


From the two laſt equations, is to be 
exterminated, as in the former example, 
and we will then have, 


1 


Fe = 6 < 25 9)—(fe Ba , Al,; 
ab (ab—f )[ap—hn = n) 


2 e }J—(ag—tf )(In—g9 ) 
And Z = (ag -= N e bb )(fn—gm 


3- By the ſame method may the un- 
known quantities be exterminated from e- 
quations of the higher orders ; but it will 
then be convenient to write ſingle letters 
inſtead of the coefficients, whether known 
or unknown, of the different powers of the 
quantity to be exterminated. For exam- 
ple, let g*—gx9+aj——x*=o, 

and y*—by+ 2ax—4x*+b*=0 ; 
to exterminate . 


As the coefficient of y* is 1, in both e- 
quations, no ſubſtitution for it is neceſſary, 
but that the method may be general, we 
ſhall ſuppoſe A=1, B=a zx, C= — x7; 
alſo, in the ſecond equation, D=1, E=—6, 
| FP 
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Fe 20A. Eli; che two eee are 

then 277 e Dae 

Af*+By+C=0o, 85 

and DEAN F. : 

To exterminate 9. multiplying. the firſt by 

D, and the ſecond by A, we have '- © 
ADz*+BDy+CD=0, 
AD*+AEy+AF=0; 

Therefore 0 BD—AE A+ e ee 
and MT SS Ry. 4 3 


Again, to obtain another value of ”, 
multiply the firſt equation by F, "and the 
{ſecond by C; then 


ALBEN CF= = 0, 

7 mad CDs LCN CP, it 
therefore ( AF—CD CBF —CE )y=0o, 
that is, (AF—CD)5+BE—CE =o, 

| | _ CE—BF | 
Of, I H= 


— 


AF—CD cE- By, 
| BDZAEFAFZCD 


or (a-cDD= (BD-AE) (E- BP). 


therefore 


18 


602 
As does not enter into this equation, 
if we reſtore the values of A, B, and C, 
we have an equation involving only x 


and known quantities, and have thus ob- 


tained a general theorem for the exter- 
mination of one of the unknown quan- 


tities from any two quadratic equations. 


In the preſent caſe, the equation becomes, 
( ＋ 2a — 3). = (bx*—(a— 3x)(5*+ 24x 
—4x*))(a+ b—3x), or, 


27x%—30ax* + I aa? *— 243 - e „%— 
—1 5bx3 + I Tab L 2ab*x— 53 
— 26*Xx*. 27 bx—b8, 
+ 363x. 
The fame method, it is evident, may be 
applied, whatever be the number, or the 
order of the equations. | 


— 


4. By a ſimilar proceſs, the radical quan- | 
tities that enter into any equation may be 
exterminated. This cannot always be ef- 
fected by involution only; for, on the 
contrary, by that operation, the number 


of radicals may ſometimes he increaſed. 


The method, on the other hand, which IE 


we are going to lay down, is univerſal : 
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If conſiſts in making each ſurd quantity e- 
qual to a new unknown quantity, and in 
exterminating from theſe, and from the gi- 
ven equation, all the unknown quantities 
but one, in the manner a has been ex- 
plained. 


Let there be given * a — = · 0 
=o, Make a*x=y, and -a =z, 
then x—y—2z=0, ax , and 2%— —2 
+a*=o. From theſe equations 2 is eaſily 
exterminated, by taking its value in the firſt, 
and ſubſtituting it in the laſt; we have 
then z=x—y, and 22=x%—27x+)7, ſo 
that — 2 +z*+4*=o, or y*—2xy+a*=0, 
Now, we have alſo ) -a =o, and it re- 
mains to exterminate y from theſe equa- 
tions, „ 


(A) | 3*—2xy+x*=0 

(B) -a 
ine, : Y—2xy +a%y=0, 

B ſubtracted | —2xy ens Hero 
A into 2x Oo 2p *—m—grfy+2aix=o 


| Add theſe laſt, (C)  (af—4x*)y+30*x=0 


Therefore 


1623) 


11 whe. | | £4 —3⁵j . 
Therefor : Aol A 
0 into (-= g 


| A into 6 Pg?) (.- Ax - +8x y a- Aa o 
This ſubtracted, (Sa- 8x) 4a*x*—a*=0 | 


1 
W 


Hence, equating the values of y, we have 


* 


a. — 4a” ga 
a x—8x3 ol — 4 * y 


> 
And (a*—4x?) "=—Zx(ga*x—8x3) 
Or 8x%—7a*x*—a*=0. 


The given equation, when freed from 
radicals, is therefore no more than a qua- 


dratic. 


5. It is to be obſerved concerning all 
theſe exterminations, that, if n and x be 
the orders of two equations containing x 

and , the order of the equation that reſults 
| | from 


go 


from them, ought not to exceed mn, It 
may be leſs, as in this example ; but, if it 
come out greater, the equation admits of a 
diviſor, which, in moſt caſes, will be ca- 
fily diſcovered. | 
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F 
Approximations. 


IIR ISAAC NEWTON's method of 
approximating to the roots of e- 
quations is rendered ſomewhat more ſim- 
ple, by making all the ſubſtitutions in the 
ſame formula, ſo that each ſtep may be 


derived from the preceding, preciſely in 
the ſame manner. Thus, in the example 


of the text, page 208, viz. x*—2x—5 =0, 


if A be any approximation to the root, and 


c the correction to be made on it, in order 


to have a more accurate value of x, that is, 


if Ae gx, then | 
* A' Ä A+, 
I — 2A — 2c, 


* 


< St 


a o 
« p ——— k . 
— — . ——— — EEE 


8 IT here- 


2 . — 1 LD 2 


— 


% 
© MS — . ——  — — 
— I Leeds k4 — — — wt — IT 


. RRC moe 


| 
| 
| 
| 


Therefore, A*— 2A — 5+ 3A*—2c+ 


3A* +& =o, and rejecting the terms 
where c is of a higher power than the firſt, 
we have A* — 2A—5+3A* —2c=0, or 


—A3+2A+5 
þ . | | . 5 


The correction c, thus found, being ad- 
ded to A, or ſubtracted from it, according 
as it is poſitive or negative, will give a 


nearer value of x; and this value being in 


its turn ſubſtituted for A in the formula, 
will give a new correction, by which it 


vill be rendered ſtill more aceurate. We 


may continue theſe operations till any aſ- 


ſigned degree of exactneſs is obtained; and 


it will conſiderably abridge the labour, * 
in raiſing the powers, at each ſtep, we 
avail ourſelves of thoſe that were raiſed i in 


the preceding. 


2. The correction 1 12 i, may 


be more conveniently expreſſed by per- 


forming the diviſion by 3A*—2, in part; 


; ME Is 8 A+ 
we have then c=. ATA 


In 


( 27 ) 
3 general, if »x*4-px*+9x4kr=0, be 


any cubic equation, A a near value of x, 
and c the correction to be applied to A, to 
give a value of it ſtill nearer, then 


5 S = AHA. A,; 
eee aaa by: * 


0 = LA | K A K.. 
or c = Fe 5 


Ir is evident that this method of appro- 
ximating extends to equations of every 
order, and to thoſe with literal as well a as 
with nymeral Fogluigienty. | 


4 The aurredions by which we appro- 
ximate to the root of an equation, form a 
ſeries of terms that gradually decreaſe, each 

of them being leſs than the preceding; 
and this circumſtance has ſuggeſted ano- 
ther method by which the terms of ſuch a 
ſeries may be directly inveſtigated. This 
is called the method of indeterminate coe 
ficients, and is of very extenſive uſe in the 
higher parts of the mathematics. To ex- 


plain the nature of it, let us ſuppoſe that 


the equation to be reſolved isx gx e o. 
| It 
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It is plain hats depends on ꝗ and: r only, 
and is therefore equal to a certain combi- 
nation of the. * of theſe two quanti- 
ties. | )) 
In this e of powers, 1 A be 
the ſum of all the terms that do not in- 
volve ; Bꝗ the ſum of all thoſe that in- 
volve only the firſt power of ; C? the 
ſum of all thoſe that involve only the ſecond, 
& c. Then x=A+Bg+Cg*+Dg*+, &c. 
where, according to circumſtances, the ſe- 
ries may either terminate, or continue ad 
infinitum, and where A, B, C, D, &c. are 
quantities that depend only on r, and are 
in no way related to . Let this ſeries and 
its powers be ſubſtituted for x and its po . 
ers, in the given equation, we have then, 
xI=A3+3A*Bg+3AB*q *+3A*Dg3+ 3AC*9%+, Kc.) 


+3A*Cp +6ABC9g3+ 3B*Cg+ 

+ Bg*+6ABDg* I =o 

„ e 

re + £98 + BY + C ＋ 592. +, &c. 


— 


4s Now, i it is not enough that the Set: 
amount of theſe terms, when taken toge- 


ther, ſhould be equal to o, for this would 
infer 


( 29 ) 


infer. a certain relation between A, B, C, 


Kc. and the quantity 9, contrary to che 
ſuppoſition. The quantity 9, therefore, 
muſt diſappear from the equation; and this 
can no otherwiſe happen, than by all the 
terms, where q is of the ſame dimenſion, 
being together equal to o. Therefore we 
have Ar; '3AB+1=0;' 3AB*þ 
3A*C+B=0; 3A*D +6ABC+B*+C=0; 
zAC + 3B*C FF GABD 25 SOL * D=o; 


Hence A=r" ; B = — . ; D= 
os | 


; E=—-—, &c. the coefficients 
3111 2437 


A, B, C, D, &c. are thine determined in 
terms of r, as they _ to be, and ſo the 
ſeries, 


Fo he +Eg*+, or 


7 - 25 


5. A few terms of this ſeries will give 
the value of x very, near the truth, provi- | 
ded 9 be a ſmall quantity, in reſpect of 
r, and each term of conſequence much leſs 

| than 


1% 0: 
than the preceding. A ſeries is ſaid to 
converge when its terms decreaſe in this 
manner; and it is evident that this ſeries 
will converge the W wa "I that- TT" 18 
an 1 oo re 3 SH | 


6. As in ahh equation *b9x r So, 
* . depend on the two quantities 9 and 


r. we may either ſuppoſe æ equal to a ſe- 
ries A+Bg+, &e. as has been done; or 
to a ſeries A Br + Cr* + Dr +, &c. 


where A, B, C, D, are quantities that in- 


volve only 2, and are to be determined as 
in the laſt example. But as, on trial, we 
would find, i in this inſtance, the coefficients 


of all the even powers of r to vaniſh, we 


may aſſume the ſeries, ſuch as to involve 


only the odd powers of r, ſo that æ = Ar 
+Br* 1 55 Kc. Then, by ſubſti- 
tution, rp 


1 


x3 dureh. +3AB%7+ b, &c. 


'+3A*Cr7 4+ 6ABCr9 — 


+ B37 
br c Der: + Ns, Ke. 


—2 r. 


1 


9 


Therefore, 


+Dg=0, &c, Hence Ar 2. B=— 


En ) 


Therefore, equating the coefficients of 
the terms where r is of the ſame dimenſion, 


Aqg—1=z0; A'+Bqzo ; ABT AC 


= 


C=3; D=—22 e.; and therefore | 


. 
77 7 
ä 1277 
K bs KT + 3 — 265 &c. 
„ WE 47 7 


This ſeries will converge the more ra- 


pidly the leſs that 7 is in reſpect of , and 
therefore will become uſeful juſt when the 
other ceaſes to be ſo. 


7. In eee of this fort, a diffi- 


culty ariſes, both with reſpe& to the firſt 


term, and the progreſſion of the exponents, 
in the ſeries to be aſſumed. But this will 


be avoided, if we aſſume * A B, 


(7 being the quantity according to the 
powers of which the ſeries is to proceed), 


and ſubſtitute theſe two terms for x in the 
given equation, It will then be eaſily diſ- 
covered what values muſt be aſſigned ro 
m and n, in order that the equating of the 


coefficients, of the like powers of 9, may 
ſucceed, 


3 * 
2 9 
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ſucceed, When m and z are found, the 
initial terms of che ſeries, and the progreſ- 
ſion of the exponents are both determined. 


8. By the ſame method of aſſuming a 
ſeries with indeterminate coefficients, even 
the more common operations may be faci- 
litated ; evolution, for Inſtance, may be 

converted into involution, and diviton into 
multiplication, 


Léet it be required to cid: the ſquare 
root of a-; aſſume Ja- A＋Bx⸗ 
+ Cx* + Dx +, &c. then Ha both 
ſides, and tranſpoſing, 

A- TABL ＋L2AcCx ; Tz AD., &c. 

023 4 „ Bixt+ 2BCx5+, &c. 

* 
Hence A*—a*=o ; An 2C c 
B*=o; ; AD-+BC=, &. From theſe e- 


| | 


| | quations 1 we have N B=— — = 1 5 5 
| 1 * 2 3 


C a3) 


9. As an example of the application of 
the ſame method to the finding of a quo- 
tient, let there be given the fraction 


abbx+dx* and let a+bx+dx* =A + Bx + 


5 Cx De, &c. 
Then multiplying by a+6bx+4dx*, and 
tranſpoſing all the terms to one ide of the 


equation, we have, 
1 aA +aBx+aCx*+aDx3+, K. 
3 Abx+Bbx* + Chx*+, &c. 
| = Adx*+Bdx*+, &c. 
| . | 
Hence aA — 1 =0, aB Ab o, aC-þBb 
+ Ad = o, aD + Cb + Bd So; that is, 


AS , B= — Ho Cale &c. Here 


the law of continuation is evident, the co- 
efficient of each term being derived in the 
ſame manner, from choſe of the two pre- 
ceding terms. 

In caſes where both diviſion and evolu- 
tion are to be 1 at the ſame time, 

ee 

Po or UBT this 


as in the expreſſion 


method will be found more expeditious 
than any other. 
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100639 g 0 Lagarithms 
II. hs e may be con⸗ 
ſidered as powers of any one given 
affirmative n number. The powers of 2, for 
| inſtance, may ſucceſſively become equal, 
either exactly, or within leſs than any aſ- 
ſigned difference, ro all numbers whatſoe- 
ver, from 0 upwards. Thoſe powers which 
have integers for their exponents, Viz, 2", 
21, 25, 2), 75 &c. give the geometrical pro- 
9 1, 2, 4, 8, 16, 32, Kc. and the 
intermediate numbers are expreſſed, at leaſt 
nearly, by powers of 2 having fractional 


EY 1 wh 1.58496 
exponents, : Fee 4 * 9 


„ 


= =; nearly ; 


( 36 ) 
In like manner, might the powers of 10 
be taken to expreſs all numbers; thus, 


0103 . Rok 
10 1, 10 *=2, 10 „ SE. 


Fractions alſo may be thus expreſſed, for 


— 2.30103 MY 
18 =2, &c. the nega- 


tive powers of 10 being now employed. 


In the ſame manner, any other number, 
even a fraction, might be taken, in place 
of 2 or 10, in the preceding examples, 
and ſuch exponents might be found as 
would give its powers equal to all ne, 
from o upwards. Te 2G DITDDM 

There are, therefore, no limitations with 
reſpect to the magnitude of the number, 
of which the powers are to repreſent all 
other numbers, except that it muſt neither 
be equal to unity, nor negative. If it be i, 
then all its powers will alſo be i; and 
if it be negative, there will be numbers to 
which none of its powers can Poffibly 1 


equal. 


2. If, therefore, 3 FRA any number 
whatever, and a a given number, u may be | 
found ſuch that a. =; and u, that is, the 

| exponent 


37 


exponent. of. a, which, gives a power equal 
to y, 38-10alled the logarithm of y. In the 
eammon tables of e N arg lo. 


3. Hence we properties of logarithms 
are eaſily deduced. _ 


| The ſum of the logarithms of any two 


numbers is equal to the logarithm of their 
product. Let þ and c be the numbers, 1 | 
and 7 their logarithms, ſo that ab, and 


a. c, then a X & be, or ante = bc; 


mn, that is, the ſum. of the logarithms of 
b and c, is therefore, by the W the 
logarithm of Be. 5 


1 The PID of the. logarithms of 


two numbers is equal to the logarithm of 
their quotient, For, if a"=b, and #'= c, 


n 2 
2 —— 2. „that is, a= = — ; MN, Or the 
FO hs 9 . 


difference of the 1ogirihas 1 } and 4; W 


therefore the logarithm of — 2 


5. Hence log. es 2 * For 251 is b 
multiplied into itſelf, 1 number of times; 


5811 


an 
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and therefore the log. of & is equal to tlie 
log. of b added to itſelf u numberof times, 
or to log. 5. This is true, Whether # be 
an integer or a 4 | Ie 


Mo [719 (at 113 we ©: Fo 


5 6. The logarithm oF, any, ſingle term 
Whatever may be. aſſi ned, b theſe rules. 


nn 7838 4 4127 CY; TE 1 £245 
Thus, log. VIE * fy logyg fa hos 
122. i 1 
Þ+ log. _ log, 2 — 3 log. TH ee e 
% g0l 127d} x bit 


; 4 iz - 7 = 


7 There are different ſyſtems of Jos 
ien according to the radical number 
employed. Thus, if 10 be taken for the 
radical number, or that whereof the pow- 
ers are to become ſucceſſively equal to all 
numbers, we have the common or tabular 
logarithms. In the logarithms“ firſt con- 
ſtructed by Lord Napier, or 'in what are 
called hyperbolic logarithms, the radical 
number i is 2. 7182818 ＋ &c. 


In different ſyſtems, the logarithms of 
the ſame number are always in a conſtant 
ratio to one another. Suppoſe that, in one 
ſyſtem, a =b, and in another, „ 
whatever b be, #1 will be | to m in the ame 


ratio. ; 
For 


( 39 T 


Boer 


Ta: eq rf 44-0 


For 4. bete, therefore a" =r. The 
= baden 5 therefore depends only on the 


quantities a and 7, and muſt be the fame, 
whatever be the value of b. | 


Thus, the tabular logarithm of any 1 num- 
ber 1s to the hyperbolic, as the tab. log. 
of 10 to the hyperbolic logarithm of 10, 
that is, as 1 to 2.302 58 509 ＋, Nc. The 
logarithms of any one ſyſtem, therefore, 
being computed, thoſe of any other may 
eaſily be found. In all {yltems, the loga- 
rithm of 1 is o. = mh 


8. When the logarithm of any number 
is given, that of a number, a little greater 
or leſs than it may be found by the bino- 
mial theorem. If, for inſtance, we have 
the logarithm of roo0, which in the com- 
mon tables is 3, we can eaſily find that of 
1001, For, ſince 1001 = - 1000+ 1= 1000 
(1+ x4), therefore log. 1001 =. log. 
1000 ＋ log. (1 T rss) = 3 ＋ log. 
(1+rZ5;). The computation of the lo- 
garithm of 1001: is therefore reduced to 
Fg of I+rz#5> 5 ; and, in general, the 
7 7 com- 


— ½—à—ñ— —ů kk 
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computation of the logarithm of a numher, 


| — 


not very different from one of which the 


5449 : 


logarithm is given, is reduced to that of 
the logarithan of. I+x, * being a dal 


fraction. 


Let the og of 14x be . the ra- 
die! number, that is IG, being =1+6, 


Then 1+x=(3 +8), 4 or raiſing both Ges 


of this W N to the power * 0 1＋ 0 


=(1 15975 ; and reſolving both into o ſeries, 
by the binomial theorem, | 


ee N. ET Bee. = 


. be Hoh. le Us +; 


& 


Therefore, taking I from both ſides, 


40 dividing by A, e e 8 
+, "A =ab+þ A en TP to: 1 e 


Now, if A is a very ſmall fra@tion, as it 


aſt be, on the ſuppoſition that x is 10, we 


have a—1= — 1, nearly; A — 2=—2, 
nearly, &ec. Therefore che equation be- 
comes 


( 41 ) 


eomes, x — IX + zu — A. +, &c. => 
( — 12 + 265 — Ib +, &c.), and A =_ 
— 4303 — 224 +, Cc. 
b— 2 +3565 — a6++, &c. 

9. The ſeries in the numerator of this 
fraction converges, becauſe x is ſmall ; but 
the ſeries in the denominator, where b=9, 
diverges, each term of it being greater 
than the preceding. In order that, if poſ- 
ſible, it may be transformed into another, 
which, by converging, may afford an ap- 
proximation to the truth, let its value m, 
then a= log. (1+x) K- IX A* 
3 x*Þ, &c.). Now, if x be negative, 
log.(1—x)=I(—x—ix*—Ix*—;x*, &c. ). 


Therefore log. (1+x)— log. (1 — * 
(x + A + $x*+, &c).; that is, log. 1. 


| AI LAX TEIA, &c.). 
142 


IK | LY, 
Let 10, their log. =. = lojw. 


10 = 1, and alſo x = 2, therefore 1=2 


2+ = 1 1 =) This 
Qq ſeries 


* 


6 


ſeries converges, and its value, that is, m is 
found =2.30258509, &c. Having thus ob- 
tained a value of m, it is evident that Mor 
log. 1 Te, x being any ſmall U is to be 
found from the ſeries * * — IX + Io — 
4 * Þ, &c.). | 


10. When, by help of this ſeries, or 
others of the ſame kind, the logarithms of 
the prime numbers are computed, thoſe of 
all other numbers may be deduced from 
them. Thus, if the logarithms of 2 and 
3 are known, we have from thence the lo- 
garithms of an infinity of other numbers ; 


log. 4 = 2 log. 2; log. 6 = log. 2 + log. 3; 
log. 5 = log, 10 — log. 2 = 1 — log. 2; 
log. 8= 3 log. 2 ; log. ꝙ = 2 log. 3; log. 12 
| =2 log. 2 + log. 3, &c. ; alſo log. 20 = 
x + log. 2, log. 25 = 2 log. 5, log. 30 
= + log. 3» Me...:* 
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No. VI. 
Arithmetic of Sines, Sc. 


1. HE application of algebra to trigo- 

nometry has given riſe to a calcu- 
lus of a particular kind, which is of great 
uſe in the higher geometry. The following 
theorem is the foundation of it. 


72 
ft 


I. Let à and b be any two arches 
circle, of which the radius =, fin. (a-) 
== ſin, a X cos. b + cos. a Xx fin. ö. 


In the tri- C 
angle CAB let 
A and B be 
the given an- 
gles, then ſin. | 
ACB = fin, A 
(a+8). Draw © DP 
CD perpendicular to AB. Then, becauſe 
| AC 


G4) 
AC: AB:: Wy : fin, a+b; and ſin, = 


_ AC: AB:: : ſin. 4.5 = ; 


(AD+DB)CD __ 5 DB x CD 
ACX CB * ACX CB + CX CB Now, 


AD CD . 
XC cos. a; and * = ſin. b ; likewiſe 


CD. DB | | 
Tx = fin. a, and BGU = cos, ö. Therefore 


fin. a + 6 = fin. a x cos. b + 3 
ad & . 


8 HOL IU M. 

In this theorem, and in thoſe which fol- 
low is ſuppoſed that the fine and coſine 
of an | arch leſs than go" are both affirma- 
tive. Theſe two ſuppoſitions are arbitrary; 
but, when they are once laid down, it fol- 
lows neceſſarily that the ſine of any arch 
leſs than 180» is affirmative, but that the 
ſine of an arch greater than 1809 is nega- 
tive; alſo, that the coſine of an arch be- 
tween 90 and 2700 is negative, but that 


att: an arch between 270* and 360?, the co- 
ſine 


„ 
ſine is affirmative. Laſtly, that, when an 
arch changes from + to —, or from — to 
+, its fine undergoes a like change, but 
its coſine retains the ſame ſign. 


II. If, in the preceding theorem, we ſup- 
poſe the arch 6 to become negative, then 
fin, b will alſo be negative, and therefore 
ſin. a — b = ſin. a X cos. 6 — cos. a X 
ſin. 6. 


III. Cos. 3 cos. a X cos. 5 — ſin. a 
x fin. 5. For, cos. a + 5 = fin. (90? —4 
— b) = ſin, c —6, making go? — 4 = c. 
But fin. - 6 = fin. c X cos. 6 — cos. c X 
fin. ö; now, ſin. c = cos. a, and cos. c = 
ſin. a, therefore ſin. c — 6, that is, cos. a 
+ b = cos. a X cos. b — fin. @ x fin. . 


IV. If, in the laſt theorem, we make 5 
negative, fin. 6 will alſo become negative, 
and therefore cos. a — b = cos. a * cos. 5 
* a X lin. 6. 


4 


2. From theſe theorems we derive the 
following. 
: | v. 


(46). 


V. Since fin. a +5 = fin. 6 X cos. + 
cos. a X lin. b, and ſin. a—b=ſnax 
cos. — cos. @ X fig, b; therefore ſin. a 


+ 3+. a—b= 2 ſin, a * cos. b. 


VI. By ſubtracting the ſame two cp 
tions, 
Sin. a + 5 — ſin. — 2 cos. a 553 5. 


VII. Alſo, ſince by theor. zd, cos. a+b 
= cos. 4 X cos. 6 — fin, a X fin. ö, and, 
by theor. 4. cos. a — b = cos. a X cos. b 
+ fin. a x fin. 6, therefore cos. 4 + 6 
| + £08. 4—b = 2 cos. @ X cos. b. 


VIII. Again, by ſubtracting, cos. a b 

— cos. a—b = — 2 fin. a X fin. ö, or 
cos. a — þ — cos. a +b = 2 ads * 
ä | 


2, By help of theſe theorems, the pro- 
ducts and powers of the ſines and coſines 
of arches may be expreſſed in terms 
of the ſums or differences of the ſines 
or coſines of certain multiples of thoſe 
arches. Thus, ſince 2 fin. a X ſin. 5 = 
eos. a — b — cos. a ＋ b, We K 8 2 ſin. 2a 
= 1 — C08, 2 4. 

Again, 


„ 

Again, ſin. 2 = f (1 — cos. 2 a) fin. a, 
but cos. 2 a x ſin. a = ; (fin. 3 4 — ſin. a), 
ſo that ſin. a = i (ſin. a + I (fin. a — 
ſin. 3a)), or 4 fin, *a = 2 ſin. a+ fin. a — 
fin. 3a, that is, 4 ſin, *a=3 fin. a. — fin. 3a, 
4 Thus, we obtain the values of the pow- | 
ers of lin, a, as in this table: 

gn. "a == an. a 
2 fin; *s = 1 — cos. 24 
4 fin. *a = 3 fin. a — ſin. I 
8 ſin. 4a = 3 — 4 cos. 2 a + cos. 44 
16 fin. 30 2 ro ſin. a — 5 ſin. 3 4 ＋ ſin. 5 a. 
+ &c. 5 | 
In the ſame manner, it is found that, 
cos. 14 = cos. a 
2 cos. 4 = 1 + cos. 2 4 
4 cos. 3a = 3 cos. a ＋ cos. Ja 
8 cos. a = 3 + 4 cos. 2 4 + cos. 4 4 
16 cos. a = 10 cos. 4 + 5 cos. 3 a + cos. 5 a. 
&c. 280 | 
4. Again, converſely, the ſine or coſine 
of any arch may be expreſſed in the powers 
of an arch, whereof it is a multiple. Thus, 
by Theor. Iſt, ſin. a + 6 = fin, a X cos. 5 


186 


I cos. a x fin. &, and of @ = b, ſin, 24 
= ſin.a X cos. a ＋ cos. 4 x ſin. a 
„„ £0: 5 
Alſo, ſin. 2a ＋ 4 = ſin. 24 X cos. a 
+ cos. 24 X ſin. a. Now, ſin. 24 = 
2 fin. a X cos. a, and cos. 24 = 2 cos. 20 
— 1. Wherefore, ſin. 3a = 2 ſin. a * 
cos. 24 + ſin. a 2 cos. 22 — 1) = 2 ſin. a 
(1 — ſin. i) + fin. a (2 —2 ſin. a* —1) 
= 2 ſin. a — 2 fin, 42 + 2 ſin. a — 
2 ſin. a — fin. a = 3 fin. 42 — 4 fin. *a. 
Thus there is formed the following 
Table: 
ſin. a = Gn, a 
3 ſin. 2a 2 2 ſin. a X cos. a 
| fin. 3a = 3 fin. a-— 4 fin. 3a 
ſin. 4a = (4fin. 4 8 fin. 3a) cos. a, 
ec. b 
| Alſo, Los. 4 = ton. 4 
cos. 24 2 cos. we hl 1 
cos. 3a 25 4 cos. 3a — 3 cos. a 
| cos. 4 = 8 cos. % — 8 cos. *a ++ I 
8 From one of theſe theorems may be 
derived the ſolution of thoſe cubic equations 
| which 


(4) 


which cannot' be reſolved by Cardan's rule, 
As we have cos, 34 = 4 cos. 4 — 3 cos. a, 
if we put cos, 4 = x; we have 4x* — 3* — 
cos. 34 o, or x 4 — 4 cos. 34 S; 
where, if 3a be a given arch, „ is the co- 
ſine of the 3d part of that arch, and is 
found by the triſection of it. To render 
this equation more general, let the root, or 


x, be multiplied by m, a determinate but | | 
unknown quantity, then & — 4 m — 8 


= cos. 3a = o, and the roots of this equa- 


tion are ſtill found by triſecting the arch 
34, and multiplying the coſine of a by m. s 


Now, let * — g — r = o, repreſent - 


any cubic equation ; then, if we ſuppoſe 


3 
= A mn. and r = * cos. 24, m = 2 
7 z N, 7 32, PTY, 


and es. 30 = 2, = A. An arch, there- 
n M 1 


fore, muſt be found, of which the coſine 


18 . 25 and the coſine of the third part of 


294* 
this arch, when muluplied by mn, or by 


+ is the root required, The cubic equa- 


R tions 


| Cm). WE 
tions that can be reſolved in this. mann 
are thoſe, in which Ed I being leſs than Ty 


can repreſent the = of an arch. and 
are exactly the ſame. that fall under the ir- 
reducible caſe of Cardan's rule. 
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